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Let F, be the finite field of order g. A linear code of length n is a
subspace of the vector space Fg. A k-dimensional subspace of Fj is
called a linear [n, k] code over F,.

For x = (x1,...,%n),¥y = (¥1,---,¥n) € F the number
d(x,y)=[{i|l <i<n, x; # y}| is called a Hamming distance. A
minimum distance of a code C is

d = min{d(x,y) |x,y € C,x # y}.

A linear [n, k, d] code is a linear [n, k] code with minimum distance d.
The dual code C is the orthogonal complement under the standard
inner product (,). A code C is self-orthogonal if C C C* and
self-dual if C = C*.
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At — (v, k, ) design is a finite incidence structure D = (P, 5,T)
satisfying the following requirements:

o Pl =yv,

® every element of B is incident with exactly k elements of P,

© every t elements of P are incident with exactly A elements of B.

Every element of P is incident with exactly r elements of 5. The
number of blocks is denoted by b.

If |P| = |B| (or equivalently k = r) then the design is called
symmetric.

The incidence matrix of a design is a v x b matrix [m;;] where b
and v are the numbers of blocks and points respectively, such that
mj; = 1 if the point P; and the block x; are incident, and m;; =0
otherwise.
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Tactical decomposition

Let A be the incidence matrix of a design D = (P, B,Z). A
decomposition of A is any partition By, ..., Bs of the columns of A
(blocks of D) and a partition P4, ..., P; of the rows of A (points of
D).

For i <s, j <t define

ajj = |[{P € Pi| PIx}|, for x € B; arbitrarily chosen,
Bij = |{x € Bj| PIx}|, for P € P; arbitrarily chosen.

We say that a decomposition is tactical if the a; and 3j; are well
defined (independent from the choice of x € Bj and P € P;,
respectively).
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Let D= (P, B, 1) be a 2-(v, k, A) design and G < Aut(D). We
denote the G—orbits of points by Ps, ..., P, G—orbits of blocks by
Bi,...,B,, and put |P;| = v;, |BJ| =p, i=1,....m j=1,...,n

The group action of G induces a tactical decomposition of D.
Denote by aj; the number of blocks of B; which are incident with a
representative of the point orbit P;. The number aj; does not depend
on the choice of a point P € P;, and the following equalities hold:

doa=r, (1)
j=1

v
E Et‘asj ag = A+ 0s(r — A). (2)
j=t"
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Definition

A (m x n)-matrix M = (a;;) with entries satisfying conditions (1) and
(2) is called a point orbit matrix for the parameters 2 — (v, k, A) and
orbit lengths distributions (v1,...,vy) and (B1,...,Bn).

Orbit matrices are often used in construction of designs with a
presumed automorphism group. Construction of designs admitting an
action of the presumed automorphism group consists of two steps:

@ Construction of orbit matrices for the given automorphism group,
® Construction of block designs for the obtained orbit matrices.




M (7,3,1)
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Codes from orbit

paweest  Incidence matrix for the symmetric (7,3,1) design
graphs
0|1 1 1/]0 0 O
Designs 1{1 0 0|1 0 O
Orbit matrices 1 0 1 0 0 1 0
110 0 1/0 0 1
01 0 00 1 1
0/0 1 0|1 0 1
0/0 0 1|1 1 O
Corresponding orbit matrix for Z3

113 3

1{/0/3 0

311 1

301 2




[[[[[[[[[[[[[[[[ Codes constructed from block designs have been extensively studied.

Codes from orbit

A6l e E. F. Assmus Jnr, J. D. Key, Designs and their codes,

strongly regular
graphs Cambridge University Press, Cambridge, 1992.
e A. Baartmans, I. Landjev, V. D. Tonchev, On the binary codes of
B Steiner triple systems, Des. Codes Cryptogr. 8 (1996), 29-43.

Orbit matrices
e |. Bouyukliev, V. Fack, J. Winne, 2-(31,15,7), 2-(35,17,8) and
2-(36, 15, 6) designs with automorphisms of odd prime order,
and their related Hadamard matrices and codes, Des. Codes
Cryptogr., 51 (2009), no. 2, 105-122.

e V. D. Tonchev, Quantum Codes from Finite Geometry and
Combinatorial Designs, Finite Groups, Vertex Operator Algebras,
and Combinatorics, Research Institute for Mathematical
Sciences, 1656, (2009) 44-54.
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Codes from orbit matrices of block designs

Theorem [M. Harada, V. D. Tonchev, 2003]

Let D be a 2-(v, k, \) design with a fixed-point-free and
fixed-block-free automorphism ¢ of order g, where g is prime.
Further, let M be the orbit matrix induced by the action of the group
G = (¢) on the design D. If p is a prime dividing r and A then the
orbit matrix M generates a self-orthogonal code of length b|g over
F,.

v

Harada and Tonchev classified all codes over F3 and F; derived from
symmetric 2-(v, k, \) designs with fixed-point-free automorphisms of
order p for the parameters (v, k, A\, p)=(27, 14, 7, 3), (40, 27, 18, 5)
and (45, 12, 3, 5).
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Let D = (P,B,Z) be a 2-(v, k, \) design admitting an automorphism
Orbit matrices group G acting on P with f fixed points and ";f orbits of length w,

TN and acting on B with h fixed blocks and =1 OI’bItS of length w. Let

[P p be a prime number such that p|w and p|(r — ). The code
spanned by the rows corresponding to the nonfixed part of the point

R orbit matrix A of D with respect to G is a self-orthogonal code of

length % over F, with respect to the ordinary inner product, where
g = p" and 7 is a positive integer.

11 /47
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Theorem [b. cmkovi¢, D. Dumiti¢ Danilovié, SR]

Let D = (P,B,Z) be a 2-(v, k, \) design admitting an automorphism
group G acting on P with f fixed points and "_f orbits of length w,
and on B with h fixed blocks and u orbits of length w. Let p be a
prime number such that p|w, p|r and p|\. The code spanned by the
rows corresponding to the fixed part of the point orbit matrix A of D
with respect to G is a self-orthogonal code of length h over F; with
respect to the ordinary inner product, where g = p” and fi is a
positive integer.

12 /47
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Strongly regular graphs

A graph is regular if all the vertices have the same valency; a regular
graph is strongly regular of type (v, k, A, 1) if it has v vertices,
valency k, and if any two adjacent vertices are together adjacent to A
vertices, while any two non-adjacent vertices are together adjacent to
1 vertices.

A strongly regular graph of type (v, k, A\, i) is denoted by

srg(v, k, A\, ).

13 /47
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OM of strongly regular graphs

M. Behbahani and C. Lam have studied orbit matrices of strongly
regular graphs that admit an automorphism group of prime order.

M. BEHBAHANI, C. LAM, Strongly regular graphs with non-trivial
automorphisms, Discrete Math., 311 (2011), 132-144

14 /47
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Let I be a srg(v, k, A\, ;t) and A be its adjacency matrix. Suppose an
automorphism group G of ' partitions the set of vertices V into t
orbits Oy, ..., Oy, with sizes ny, ..., n;, respectively. The orbits
divide A into submatrices [A;], where Aj is the adjacency matrix of
vertices in O; versus those in O;. We define matrices C = [¢;] and
R =[rj], 1 <i,j <t such that

¢jj = column sum of Ay,
rij = row sum of Aj.

R is related to C by rjjn; = cjjn;. Since the adjacency matrix is
symmetric, R = C7. The matrix R is the row orbit matrix of the
graph I with respect to G, and the matrix C is the column orbit
matrix of the graph I with respect to G.
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0 0 0 0 1 1 1 0 0 0
0 0 0 0 1 0 0 1 1 0
0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 1 1 0 1
1 1 0 0 0 0 0 0 0 1
1 0 1 0 0 0 0 1 0 0
1 0 0 1 0 0 0 0 1 0
0 1 0 1 0 1 0 0 0 0
0 1 1 0 0 0 1 0 0 0
0 0 1 1 1 0 0 0 0 0

0 0 3 0

0 0 1 2

R 1 1 0 1

0 2 1 0

0 0 1 0

0 0 1 2

c= 3 1 0 1

0 2 1 0

srg(10,3,0,1)
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Definition

A (t X t)-matrix R = [ru] with entries satisfying conditions

t [
— (3)
j=1 17
ton
s
D2 it = Sjlk = p) o+ pn + (X = p)r @
s=1"j
is called a row orbit matrix for a strongly regular graph with parameters (v, k, X, u) and orbit lengths distribution
(ngs -« -y ng). A(t X t)-matrix C = [CU] with entries satisfying conditions
(5)
(6)
is called a column orbit matrix for a strongly regular graph with parameters (v, k, X, 1) and orbit lengths distribution
(1, ne)
4

If all orbits have the same length w, i.e. nj=w for i =1,... t, then

C = R, and the following holds

t
Z lishjs = 5U(k - M) + pw + ()\ — [J,)I’U

s=1

17/
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o Let us suppose that the group Z; acts on the vertices of an
srg(40,12,2,4) with ten orbits of length 4.

o 39 matrices C; — Ggg for the parameters (40,12,2,4) and orbit
lengths distribution (4,4,4,4,4,4 4.4 4 4) are given.

e Only five of them are induced by an action of Z; on some of the

strongly regular (40,12,2,4) graphs constructed by Spence (E.
SPENCE, The strongly regular (40,12,2,4) graphs, Electron. J.
Combin., 7 (2000), #22, pp. 4.)

Theorem [ D. Crnkovi¢, M. Maksimovi¢, B. G. Rodrigues, SR, 2016]

Let I' be a srg(v, k, A\, 1) with an automorphism group G which acts

on the set of vertices of I with - orbits of length w. Let R be the
row orbit matrix of the graph I with respect to G. If g is a prime

dividing k, A and p, then the matrix R generates a self-orthogonal
code of length = over F.

18 /47



ﬁ/\ Theorem [ D. Crnkovi¢, M. Maksimovi¢, SR, 2018]

C::gﬁ::i Let I be a SRG(v, k, A, ) having an automorphism group G which

et acts on the set of vertices of I with b orbits of lengths nq, ..., np,
graphs respectively, with f fixed vertices, and the other b — f orbits of

o lengths n¢i1, ..., np divisible by p, where p is a prime dividing k, A

Designs and p. Let C be the column orbit matrix of the graph I with respect

Gt to G. If g is a prime power such that g = p”, then the code spanned

odes Tore orit by the rows of the fixed part of the matrix C is a self-orthogonal code

. of length f over Fy.

Strongly regular

graphs

Orbit matrices

Self-orthogonal
codes from orbit
matrices of
strongly regular
graphs

Self-dual codes

mmetric

designs

Self-dual codes

with the
dual property
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Theorem [ D. Crnkovi¢, M. Maksimovi¢, SR, 2018]

SRR, BL A Let I be a SRG(v, k, A\, 1) having an automorphism group G which acts on the
Codes from orbit set of vertices of [ with b orbits of lengths ny, ..., np, respectively, such that

matrices of there are f fixed vertices, h orbits of length w, and b — f — h orbits of lengths
5"°“ggr'§p[‘ef”'a' Nfihtl,---,Np. Further, let pw|ns if w < ns, and pns|w if ns < w, for

s=f+h+1,...,b, where pis a prime number dividing k, A, p and w. Let C

Codes be the column orbit matrix of the graph I' with respect to G. If g is a prime
Designs power such that g = p”, then the code over Fy spanned by the part of the matrix
Orbit matrices C (rows and columns) determined by the orbits of length w is a self-orthogonal
Self-orthogonal code of length h.

codes from orbit

matrices of block

designs
Strongly regular C 1 - 1|w -~ w|np - M
graphs

Orbit matrices 1

Self-orthogonal
codes from orbit

matrices of
strongly regular
graphs
Self-dual codes w
from extended
orbit matrices of
symmetric
designs
w
Self-dual codes
from quotient Nfyp+1
matrices of

SGDDs with the
dual property

np 20/47



UNIVERSITY OF RIJEKA
'DEPARTMENT OF MATHEMATICS

Codes from orbit
matrices of
strongly regular
graphs

Codes

Designs

Orbit matrices

Self-orthogonal
codes from orbit
matrices of block
designs

Strongly regular
graphs
Orbit matrices

Self-orthogonal
codes from orbit
matrices of
strongly regular
graphs

Self-dual codes
from extended
orbit matrices of
symmetric
designs

Self-dual codes
from quotient
matrices of
SGDDs with the
dual property

-

[

[T

21/47



¥ OF RIJEKA
EPARTMENT OF MATHENATICS

Codes from orbit
matrices of
strongly regular
graphs

Codes

Designs

Orbit matrices

Self-orthogonal
codes from orbit
matrices of block
designs

Strongly regular
graphs
Orbit matrices

Self-orthogonal
codes from orbit
matrices of
strongly regular
graphs

Self-dual codes
from extended
orbit matrices of
symmetric
designs

Self-dual codes
from quotient
matrices of
SGDDs with the
dual property

, M. Maksimovi¢, SR, 2018]

Let I be a SRG(v, k, A\, i) with an automorphism group G which acts on the set
of vertices of I' with b orbits of lengths ni, ..., np, respectively, and

w = max{ni,...,np}. Further, let p be a prime dividing k, A, u and w, and let
pns|w if ns # w. Let C be the column orbit matrix of the graph " with respect to
G. If g is a prime power such that g = p”, then the code over F; spanned by the
rows of C corresponding to the orbits of length w is a self-orthogonal code of
length b.

C n PN nl-l n’-1+1 ce niz ce w ce w

22 /47
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Theorem [ bD. Crnkovié, M. Maksimovié, SR, 2018]

Let I be a SRG(v, k, A\, i) with an automorphism group G which acts on the set
of vertices of I' with b orbits of lengths ni, ..., np, respectively, and

w = min{ni,...,np}. Further, let p be a prime dividing k, A, 1 and w, and let
pw|ns if ns # w. Let R be the row orbit matrix of the graph I' with respect to G.
If g is a prime power such that g = p”, then the code over F4 spanned by the rows
of R corresponding to the orbits of length w is a self-orthogonal code of length b.

ni/+1

np

23 /47
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Self-dual codes from extended orbit matrices of
symmetric designs

In the sequel we will study codes spanned by orbit matrices for a
symmetric (v, k, \) design and orbit lengths distribution (Q,...,Q),
where Q = 2. We follow the ideas presented in:

e E. Lander, Symmetric designs: an algebraic approach,
Cambridge University Press, Cambridge (1983).

e R. M. Wilson, Codes and modules associated with designs and
t-uniform hypergraphs, in: D. Crnkovi¢, V. Tonchev, (eds.)
Information security, coding theory and related combinatorics,
pp. 404-436. NATO Sci. Peace Secur. Ser. D Inf. Commun.
Secur. 29 |0S, Amsterdam (2011).

(Lander and Wilson have considered codes from incidence matrices of
symmetric designs.)



=

Theorem
SRS Let p be a prime. Suppose that C is the code over F, spanned by
o™ the incidence matrix of a symmetric (v, k, \) design.
© If p| (k—)), then dim(C) < (v +1).

@ If pt(k—A)and p|k, then dim(C) =v — 1.
® If pt(k—X) and ptk, then dim(C) = v.

Orbit matrices
V.

Theorem [p. crkovi¢, SR, 2016]

Let a group G acts on a symmetric (v, k, A) design D with t = &
orbits of length Q, on the set of points and the set of blocks, and let
M be an orbit matrix of D induced by the action of G. Let p be a
prime. Suppose that C is the code over F, spanned by the rows of

Orbit matrices

Self-dual codes M

v matrces of © If p| (k—)), then dim(C) < i(t +1).

symmetric

4=EE @ If pf(k—A)and p |k, then dim(C) =t — 1.

® If pf(k— ) and p1k, then dim(C) = t.
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srongl reglar Let a group G acts on a symmetric (v, k, \) design with t = & orbits
graphs .
of length Q on the set of points and set of blocks.

Theorem (HT)

Let D be a symmetric (v, k, \) design admitting an automorphism
group G that acts on the sets of points and blocks with t = & orbits
of length Q. Further, let M be the orbit matrix induced by the action
of the group G on the design D. If p is a prime dividing k and A,
then the rows of the matrix M span a self-orthogonal code of length
t over Fp,.

Orbit matrices

Orbit matrices

Self-dual codes
from extended
orbit matrices of
symmetric
designs
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Let V be a vector space of finite dimension n over a field F, let
b:V x V — F be a symmetric bilinear form, i.e. a scalar product,
and (eg,...,e,) be a basis of V. The bilinear form b gives rise to a
matrix B = [bjj], with

b;j = b(e,-, €j).
The matrix B determines b completely. If we represent vectors x and
y by the row vectors x = (x1,...,x,) and y = (y1,...,¥n), then

b(x,y) = xByT.

Since the bilinear form b is symmetric, B is a symmetric matrix.

A bilinear form b is nondegenerate if and only if its matrix B is
nonsingular.

27 /47
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We may use a symmetric nonsingular matrix U over a field F, to
introduce a scalar product (-, -)y for row vectors in F2, namely

(a,c)y = alc’.
For a linear p-ary code C C F/, the U-dual code of C is
cV={ac Fo:(a,c)ju=0 forall ce C}.

We call C self-U-dual, or self-dual with respect to U, when
c=cY.
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v

Let a group G acts on a symmetric (v, k, \) design D with t = &
orbits of length €2, on the set of points and the set of blocks, and let
M be the corresponding orbit matrix.

If p divides kK — )\, but does not divide k, we use a different code.
Define the extended orbit matrix

Mext — M

1
Y - Q| k

and denote by C®* the extended code spanned by M,
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Define the symmetric bilinear form 1) by

VX, Y) =xay1 + o+ Xeye — A1y,
for x = (x1,...,xe+1) and y = (y1,..., ¥e+1). Since p | nand p 1k, it
follows that p t Q and p{ A. Hence 9 is a nondegenerate form on F,,.

The extended code C®* over F, is self-orthogonal (or totally
isotropic) with respect to .

The matrix of the bilinear form 1) is the (t + 1) x (t + 1) matrix

10 --- 0 0
0 1 0 0
V= ;
o o0 - 1 0
0 0 -+ 0 =X

47
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Theorem [p. cmkovi¢, SR, 2016]

QU e Let D be a symmetric (v, k, \) design admitting an automorphism
group G that acts on the set of points and the set of blocks with
t= é orbits of length Q. Further, let M be the orbit matrix induced
by the action of the group G on the design D, and C®* be the
corresponding extended code over F,. If a prime p divides (k — A),
but p?{ (k — ) and p { k, then C®¢ is self-dual with respect to ).

Orbit matrices

Self-dual codes
from extended
orbit matrices of
symmetric
designs
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If p? | (k — A\) we use a chain of codes to obtain a self-dual code
from an orbit matrix.

Given an m X n integer matrix A, denote by rowg(A) the linear code
over the field F spanned by the rows of A. By row,(A) we denote the
p-ary linear code spanned by the rows of A.
For a given matrix A, we define, for any prime p and nonnegative
integer 1,

M;(A) = {x €Z" : p'x € rowz(A)}.

We have My(A) = rowz(A) and

Mo(A) € My(A) € My(A) C ...



Codes from orbit
matrices of
strongly regular
graphs

Orbit matrices

Orbit matrices

Self-dual codes
from extended
orbit matrices of
symmetric
designs

Let
Gi(A) = mp(Mi(A))

where 7, is the homomorphism (projection) from Z" onto F} given
by reading all coordinates modulo p. Then each C;(A) is a p-ary
linear code of length n, Co(A) = row,(A), and

G(A) S G(A) S GA)C....

Theorem

Suppose A is an n X n integer matrix such that AUAT = peV for
some integer e, where U and V are square matrices with
determinants relatively prime to p. Then C.(A) = F} and

CG(AVY = Coj_1(A), for j=0,1,...,e—1.

In particular, if e =2f 4+ 1, then C¢(A) is a self-U-dual p-ary code of
length n.

v

33/47



ST e oS In the next theorem the previous result is used to associate a self-dual
code to an orbit matrix of a symmetric design.

Codes from orbit
matrices of

strongly regular
BeEke Theorem [p. crkovi¢, SR, 2016]

Let D be a symmetric (v, k, A) design admitting an automorphism
Orbit matrices group G that acts on the set of points and the set of blocks with
t = & orbits of length . Suppose that n = k — X is exactly divisible
by an odd power of a prime p and X is exactly divisible by an even
power of p, e.g. n= pSng, A = p>?X\o where e is odd, a > 0, and
(no, p) = (Mo, p) = 1. If ptQ, then there exists a self-dual p-ary
code of length t + 1 with respect to the scalar product corresponding
to U =diag(1,...,1,—XQ).

Orbit matrices

Selfdual codes If A is exactly divisible by an odd power of p, we apply the above
ol matices of case to the complement of the given symmetric design, which is a
designs symmetric (v, k’, \’) design, where k' = v —k and ' =v — 2k + A.

34 /47
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Codes from orbit
matrices of

strongly regular
GeFiE Theorem [p. cmkovic, SR, 2016]

Let D be a symmetric (v, k, \) design admitting an automorphism
Orbit matrices group G that acts on the set of points and the set of blocks with
t = & orbits of length Q. Suppose that n = k — X is exactly divisible
by an odd power of a prime p and ) is also exactly divisible by an
odd power of p, e.g. n = pcny, A = p?@*1 )y where e is odd, a > 0,
and (no, p) = (Ao, p) = 1. If ptQ, then there exists a self-dual p-ary
code of length t 4 1 with respect to the scalar product corresponding
to U = diag(1,...,1, Aonof2).

Orbit matrices

v

Self-dual codes
from extended
orbit matrices of
symmetric
designs
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Divisible designs

An incidence structure with v points, b blocks and constant block
size k in which every point appears in exactly r blocks is a (group)
divisible design (GDD) with parameters (v, b, r, k, A1, A2, m, n)
whenever the point set can be partitioned into m classes of size n,
such that two points from the same class appear together in exactly
A1 blocks, and two points from different classes appear together in
exactly A\ blocks.

The following holds:
v=mn, bk=vr, (n— 1A +n(m—1)  =r(k—1), rk > v,

If n# 1 and A1 # Ay, then a divisible design is called proper.
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A GDD is called a symmetric GDD (SGDD) if v = b (or,
equivalently, r = k). It is then denoted by D(v, k, A1, A2, m, n) and it
follows that:

v=mn, (n—1X\+n(m—1X =k(k—1), k* > v),.

A SGDD D is said to have the dual property if the dual of D (that
is, the design with the transposed incidence matrix) is again a
divisible design with the same parameters as D. This means that
blocks of D can be divided into sets Sy, ..., Sy, each set containing n
blocks, such that any two blocks belonging to the same set intersect
in A1 points, and any two blocks belonging to different sets intersect
in Ay points.

Self-dual codes
from quotient
matrices of
SGDDs with the
dual property
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The point and the block partition from the definition of a SGDD with
the dual property give us a partition (which will be called the
canonical partition) of the incidence matrix

Air o Aim
Aml T Amm

where Aj;'s are square submatrices of order n.
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orrolrorolrroolrooo
rroolororlkroorlooor
~orolocorrloorolroor
ororlorrolorooloorr
rorolrroolrooolorro
ororlroorlocoor|lrroo
corolrocorlororloorr
oroolocorrlrorolorro
rooolorrolororlkrroo
coorlrroolrorolroor

rroolrooolorroloror
roorlocoorlkrroolroro
corrloorolroorloror
orrolorooloorrlroro

moor|lmoroloorrlooro
corrlororlorroloroo

(16,7,2,3,4,4) SGDD
(D. Crnkovi¢, H. Kharaghani, Divisible design digraphs, in: Algebraic Design Theory and Hadamard Matrices, (C. J. Colbourn,
Ed.), Springer Proc. Math. Stat., Vol. 133, Springer, New York, 2015, 43-60.)
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Quotient matrices

We say that an m x m matrix R = [rjj] is a quotient matrix of a
SGDD with the dual property if every element rj; is equal to the row
sum of the block Aj; of the canonical partition. If we denote the
classes of points from the definition of a divisible design by

Ti,..., Ty, and classes of blocks by Sy, ..., S, then this means that
each point of T; appears in exactly rj blocks of S; and each block of
S; contains exactly rj; points of T;.

NN DN =
NN~ DN
N = NN
=N NN



EPARTMENT OF MATHENATICS

Codes from orbit
matrices of
strongly regular
graphs

Codes

Designs

Orbit matrices

Strongly regula

strongly regular

Self-dual codes

Self-dual codes
from quotient
matrices of
SGDDs with the
dual property

Codes from quotient matrices of SGDDs with the
dual property

Theorem [p. crakovic, N. Mostarac, SR, 2016]

Let D(v, k, A1, A2, m, n) be a SGDD with the dual property, and let
N be the incidence matrix of D. If p is a prime such that p | A1, p | k
and p | A2, then the rows of N span a self-orthogonal code of length
v over IF,.

v
Theorem [p. crakovi, N. Mostarac, SR, 2016]

Let D(v, k, A1, A2, m, n) be a SGDD with the dual property, and let
R be the quotient matrix of D. If p is a prime such that

pt(k? —vAp) and p 1 k, then the linear code over F,, spanned by the
rows of R has dimension m.

v
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Theorem [b. cmkovi¢, N. Mostarac, SR, 2016]

R Let D(v, k, A1, A2, m, n) be a SGDD with the dual property and R be
s the quotient matrix of D. If p is a prime such that p{ (k? — v),) and
Designs p | k, then the linear code over F, spanned by the rows of R has

Orbit tri . .
o ‘m ‘ dimension m — 1.
Self-orthogona

»m orbit
es of block

Theorem [D. Crnkovié, N. Mostarac, SR, 2016]

graphs

Orbit matrices

Let D(v, k, A1, A2, m, n) be a SGDD with the dual property and let R
= be the quotient matrix of D. If p is a prime such that p | (k* — v);)
s and p | n\y, then the rows of R span a self-orthogonal code of length

Seecinef] ot m over F,.

from extended

orbit matrices of
symmetric

designs
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Codes from extended quotient matrices

Let D(v, k, A1, A2, m, n) be a SGDD with the dual property, and let
R be the quotient matrix of D. If a prime p does not divide n\,, we
can use a slightly different code then the one spanned by the
quotient matrix R.

We define the extended quotient matrix

Rt — R

1
IT)\Q n)\g‘k

and the extended code C®* over [F, spanned by the rows of R®.
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For x = (x1, ... Xm+1) and y = (y1, ..., Ym+1) we define the scalar
product ¥ by

(X, y) = xy1 + oo + XmYm — DA2Xmi1Ym1-

We know that pt n)2, hence v is a nondegenerate form on F, (its
matrix is non-singular).
If x and y are rows of the matrix R®*, then

P(x,y) € {0, k% — v, —na(k? — vA2)}.

Thus the extended code C®* over I, is self-orthogonal with respect
to ) if p| (k% —v)y).

The matrix of the bilinear form v will be denoted by W.
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Theorem [p. crakovic, N. Mostarac, SR, 2016]

Let D(v, k, A1, A2, m, n) be a SGDD with the dual property, R be the
quotient matrix of D, and C be the code over IF, spanned by the rows
of R. If pis a prime such that p | (k* — v\2), then dim(C) < ™.

e If p| nAz then C is self-orthogonal, hence dim(C) < 7.

o If ptnXy then C®* is self-orthogonal with respect to v,
dim(C®t) < ™rL dim(C) = dim(C®*) and R and R®* have
the same rank over .
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Theorem [b. cmkovi¢, N. Mostarac, SR, 2016]

Eee Let D(v, k, A1, A2, m, n) be a SGDD with the dual property, R be the
quotient matrix of D, and let C®* be the corresponding extended
code over Fp. If p is a prime such that p{ n)a, p | (k? — v),), but
p? 1 (k? — v)z), then C® is self-dual with respect to ).

Orbit matrices

e The inequality dim(C®*) < £(m+ 1) follows from the fact that
Ce is self-orthogonal.

Orbit matrices

o In order to prove that 3(m + 1) < dim(C®*), we have to show
that R®* has Fp-rank at least 3(m + 1). (use of the Smith
normal form)
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RmETREEE code from a quotient matrix.
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Theorem [b. cmkovi¢, N. Mostarac, SR, 2016]

Let D(v, k, A1, A2, m, n) be a SGDD with the dual property. Suppose
b e that k2 — v\, is exactly divisible by an odd power of a prime p and

\o is exactly divisible by an even power of p, e.g. k? — vy = pSng,

A2 = p??\g, where e is odd, a > 0 and (n,, p) = (Ao, p) =1. If ptn

then there exists a self-dual p-ary code of length m 4 1 with respect
Orbit matrices to the scalar product corresponding to U = diag(1,...,1, —nXo).

Rt = sl

=

P P |
Self-dual codes
from quotient
matrices of
SGDDs with the
dual property
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