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Before we focus on half-arc-transitivity...

e [ = (V, E) will always be a (regular) graph,

@ G < Aut(I') will always be a (sub)group of automorphisms
of I'.
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Before we focus on half-arc-transitivity...

e [ = (V, E) will always be a (regular) graph,

@ G < Aut(I') will always be a (sub)group of automorphisms
of I'.

@ Suppose G is edge-transitive on TI'.
What does this imply?

e G can have at most two orbits on the set A(I") of arcs of I'.
e G can have at most two orbits on V;
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@ There are three essentially different possibilities:

Primoz Sparl Some (recent) results on half-arc-transitivity of graphs



Before we focus on half-arc-transitivity...

@ There are three essentially different possibilities:

e G has two orbits on V (and thus on A(T")): we say G is
semisymmetricon I

Primoz Sparl Some (recent) results on half-arc-transitivity of graphs



Before we focus on half-arc-transitivity...

@ There are three essentially different possibilities:
e G has two orbits on V (and thus on A(T")): we say G is
semisymmetricon I
e exists g € G interchanging v and v: if and only if G is
vertex- and arc-transitive on T';

Primoz Sparl Some (recent) results on half-arc-transitivity of graphs



Before we focus on half-arc-transitivity...

@ There are three essentially different possibilities:
e G has two orbits on V (and thus on A(T")): we say G is
semisymmetricon I
e exists g € G interchanging v and v: if and only if G is
vertex- and arc-transitive on T';
e G is vertex-transitive but no such g € G exists: Gis
half-arc-transitive on TI'.

Primoz Sparl Some (recent) results on half-arc-transitivity of graphs



Before we focus on half-arc-transitivity...

@ There are three essentially different possibilities:
e G has two orbits on V (and thus on A(T")): we say G is
semisymmetricon I
e exists g € G interchanging v and v: if and only if G is
vertex- and arc-transitive on T';
e G is vertex-transitive but no such g € G exists: Gis
half-arc-transitive on TI'.

@ Do we have all three possibilities?
@ For all edge-transitive G < Aut(I")?
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A semi-symmetric graph







A half-arc-transitive graph

AA
A!"’\W“‘V/".L




Another half-arc-transitive graph
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Some (old) results on HAT graphs

@ Constructions of HAT graphs (with certain properties):
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Some (old) results on HAT graphs

@ Constructions of HAT graphs (with certain properties):
@ one for each even valence k > 4 (Bouwer 1970);
e smallest HAT graph (Doyle 1976, Holt 1981);
e infinite families of tetravalent HAT graphs (metacirculants -
Alspach, Marusic¢, Nowitz 1994);
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Some (old) results on HAT graphs

@ Constructions of HAT graphs (with certain properties):

one for each even valence k > 4 (Bouwer 1970);

smallest HAT graph (Doyle 1976, Holt 1981);

infinite families of tetravalent HAT graphs (metacirculants -
Alspach, Marusic¢, Nowitz 1994);

tetravalent HAT graphs with nonsolvable automorphism
group (Malni¢, Marusi¢ 1999);

HAT graphs with primitive automorphism groups (Praeger,
Xu 1993; Taylor, Xu 1994; Du, Xu 1998; Li, Lu, Marusi¢
2004);

tetravalent HAT graphs with large abelian vertex-stabilizers
(Marusic 2005);
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More (old) results on HAT graphs

@ Characterizations, classifications,...:
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More (old) results on HAT graphs

@ Characterizations, classifications,...:

e tetravalent HAT graphs as maps (hypermaps) and vice
versa (Marusi¢, Nedela 1998; Breda D’Azevedo, Nedela
2004);

e HAT graphs and semisymmetric graphs (Marusi¢, Poto¢nik
2001, 2002);

e HAT graphs and configurations (Marusi¢, Pisanski 1999);
o ...
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More (old) results on HAT graphs

@ Characterizations, classifications,...:
e tetravalent HAT graphs as maps (hypermaps) and vice
versa (Marusi¢, Nedela 1998; Breda D’Azevedo, Nedela
2004);
e HAT graphs and semisymmetric graphs (Marusi¢, Poto¢nik
2001, 2002);
e HAT graphs and configurations (Marusi¢, Pisanski 1999);

o classifications of (tetravalent) HAT graphs of certain orders
(0%, p*, 3p, pq, 4p, ..., Alspach, Dobson, Feng, Kutnar,
Kwak, Marusi¢, S, Wang, Xu, Zhou,...);

e construction of a census of all tetravalent HAT graphs up to
order 1000 (Potocnik, Spiga, Verret 2015);
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The structure of graphs admitting HAT actions

o If G < Aut(I) is half-arc-transitive, it has two orbits on A(T).
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The structure of graphs admitting HAT actions

o If G < Aut(I) is half-arc-transitive, it has two orbits on A(T).

@ Induces the reachability relation R on each orbit (and
E(T)).
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The structure of graphs admitting HAT actions

o If G < Aut(I) is half-arc-transitive, it has two orbits on A(T).

@ Induces the reachability relation R on each orbit (and
E(T)).

@ Equivalence classes are G-alternets (G-alternating cycles).

@ Gives good insight into the structure of T'.
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The structure of graphs admitting HAT actions

@ If G < Aut(I) is half-arc-transitive, it has two orbits on A(T).

@ Induces the reachability relation R on each orbit (and
E(T)).

@ Equivalence classes are G-alternets (G-alternating cycles).

@ Gives good insight into the structure of T'.

@ What can be said about intersections of G-alternets?
Or is R be universal?
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The reachability relation
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Intersections of alternets

@ One alternet if and only if all edges incident with a given
vertex are R-related (not possible for k = 4).
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Intersections of alternets

@ One alternet if and only if all edges incident with a given
vertex are R-related (not possible for k = 4).

@ Otherwise alternets are bipartite graphs and we can
consider their intersections.

e There can be just two (for HAT examples, k > 6 must hold,
examples for k = 6 do exist Hujdurovi¢, Kutnar, Marusi¢
2014).
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Intersections of alternets

@ One alternet if and only if all edges incident with a given
vertex are R-related (not possible for k = 4).

@ Otherwise alternets are bipartite graphs and we can
consider their intersections.

There can be just two (for HAT examples, k > 6 must hold,
examples for k = 6 do exist Hujdurovi¢, Kutnar, Marusi¢
2014).

Otherwise, the largest possible intersection: half of the
vertices - tightly attached.

The tetravalent TA HAT classified (Marusi¢ 1998, S 2008).
The Bouwer graphs are TA (HAT ones classified by Conder,
Zitnik 2016), the generalized Bouwer graphs also (classified
by Ramos Rivera, S 2017).

Many more TA examples: wreath products and deleted
wreath products (Dobson, Miklavi¢, S 2227).
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One alternet

@ Can we have just one alternet?
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One alternet

@ Can we have just one alternet?
e Not for kK = 4 (Marusic 1998).
o “Easy” examples - HAT graphs with primitive automorphism
groups (Du, Marusi¢, Li, Lu, Praeger, Taylor, Xu 1994,
1998, 2004). Smallest known k = 14. Do not exist for
k < 8.
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k < 8.
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universal R (Kutnar, Marusi¢, S 2010).
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One alternet

@ Can we have just one alternet?

Not for kK = 4 (Marusic¢ 1998).

“Easy” examples - HAT graphs with primitive automorphism
groups (Du, Marusi¢, Li, Lu, Praeger, Taylor, Xu 1994,
1998, 2004). Smallest known k = 14. Do not exist for

k < 8.

Infinite family of imprimitive 12-valent HAT graphs with
universal R (Kutnar, Marusi¢, S 2010).

Primitive do not exist for kK = 10 but infinitely many for

k = 12 (Fawcett, Giudici, Li, Praeger, Royle, Verret 2018).
Infinite family of imprimitive 6-valent HAT graphs with
universal R (Jajcay, Miklavi¢, S, Vasiljevié 2??7?).

Infinitely many 6k-valent HAT graphs with universal R for
each k > 1 (Dobson, Miklavig, S 2??7?).
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The smallest example in the infinite family
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Valence 4 - the alternating cycles

@ [ is a G-HAT graph of valence 4 for some G < Aut(l').
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Valence 4 - the alternating cycles

@ [ is a G-HAT graph of valence 4 for some G < Aut(l').
@ Two parameters: radg(I") and attg(I").
@ attg(I) divides 2radg(IN) (unless attg(l") = 2radg(IN)).
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Valence 4 - the alternating cycles

@ [ is a G-HAT graph of valence 4 for some G < Aut(l').
@ Two parameters: radg(I") and attg(I").
@ attg(I) divides 2radg(IN) (unless attg(l") = 2radg(IN)).

@ Extremal cases:

o tightly G-attached (attg(I') = radg(
e antipodally G-attached (att ( ):
o loosely G-attached (attG( )y=1).

N);
2);
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Why is this important?

Theorem (Marusic, Praeger, 1999)

LetT be a tetravalent G-HAT graph for some G < Aut(I') such
that a #+ 2r, where r = radg(I') and a = attg(I"). Let B be the set
of all G-attachment sets (or ...) and let Tz be the quotient graph
of I with respect to B. Then one of the following holds:
(i) a=r, thatisT is tightly G-attached;
(i) a< r andT g is a tetravalent graph admitting a HAT action
of a quotient group G of G and is loosely G-attached or

antipodally G-attached, depending on whether a divides r
or not, respectively.
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(i) a< r andT g is a tetravalent graph admitting a HAT action
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antipodally G-attached, depending on whether a divides r
or not, respectively.

@ Are the elements of B orbits of a normal subgroup?
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Theorem (Marusic, Praeger, 1999)

LetT be a tetravalent G-HAT graph for some G < Aut(I') such
that a #+ 2r, where r = radg(I') and a = attg(I"). Let B be the set
of all G-attachment sets (or ...) and let Tz be the quotient graph
of I with respect to B. Then one of the following holds:
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(i) a< r andT g is a tetravalent graph admitting a HAT action
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@ What is the kernel of the action of G on '5?
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Why is this important?

Theorem (Marusic, Praeger, 1999)

LetT be a tetravalent G-HAT graph for some G < Aut(I') such
that a #+ 2r, where r = radg(I') and a = attg(I"). Let B be the set
of all G-attachment sets (or ...) and let Tz be the quotient graph
of I with respect to B. Then one of the following holds:
(i) a=r, thatisT is tightly G-attached;
(i) a< r andT g is a tetravalent graph admitting a HAT action
of a quotient group G of G and is loosely G-attached or

antipodally G-attached, depending on whether a divides r
or not, respectively.

@ Are the elements of B orbits of a normal subgroup?
@ What is the kernel of the action of G on '5?
@ What can we say about the case when a does not divide r?
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An interesting question

@ Census (PSV2015) shows that there are many examples
where attg(I') does not divide radg(I"). But, there is no HAT
tetravalent graph of order up to 1000 with this property.
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An interesting question

@ Census (PSV2015) shows that there are many examples
where attg(I') does not divide radg(I"). But, there is no HAT
tetravalent graph of order up to 1000 with this property.

Question (Potoénik, S, 2017)

Does there exist a tetravalent HAT graph whose attachment
number does not divide its radius?
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An interesting question

@ Census (PSV2015) shows that there are many examples
where attg(I') does not divide radg(I"). But, there is no HAT
tetravalent graph of order up to 1000 with this property.

Question (Potoénik, S, 2017)

Does there exist a tetravalent HAT graph whose attachment
number does not divide its radius?

@ If we restrict to antipodally attached graphs, the answer is
no (Marusi¢, Waller, 2000).
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An interesting question

@ Census (PSV2015) shows that there are many examples
where attg(I') does not divide radg(I"). But, there is no HAT
tetravalent graph of order up to 1000 with this property.

Question (Potoénik, S, 2017)

Does there exist a tetravalent HAT graph whose attachment
number does not divide its radius?

@ If we restrict to antipodally attached graphs, the answer is
no (Marusi¢, Waller, 2000).

Theorem (Poto¢nik, S, 2017)

For every tetravalent HAT graph I with rad(I") twice an odd
number, att(I") divides rad(T).
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The smallest possible “bad” case

@ Characterization of the case radg(I') = 3 and attg(I') = 2.

Theorem (Poto¢nik, S, 2017)

LetT be a connected tetravalent graph. Then T is G-HAT for
some G < Aut(I') withradg(') = 3 and attg(I') = 2 if and only if
I is the dart graph of some 2-arc-transitive cubic graph.
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The smallest possible “bad” case

@ Characterization of the case radg(I') = 3 and attg(I') = 2.

Theorem (Poto¢nik, S, 2017)

LetT be a connected tetravalent graph. Then T is G-HAT for
some G < Aut(I') withradg(') = 3 and attg(I') = 2 if and only if
I is the dart graph of some 2-arc-transitive cubic graph.

@ The key ingredients of the proof:

e The dart graph construction (introduced by Hill and Wilson
in 2012).

e The graph Altg(I") of G-alternating cycles.
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The kernels

@ What is the kernel Kg(I'5) of the action of G on I'3?
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The kernels

@ What is the kernel Kg(I'5) of the action of G on I'3?

@ What is the kernel Kg(Altg(I")) of the action of G on
Altg(T)?
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The kernels

@ What is the kernel Kg(I'5) of the action of G on I'3?

@ What is the kernel Kg(Altg(I")) of the action of G on
Altg(T)?

@ We need a better insight into the local structure.

@ How are two non-disjoint G-alternating cycles attached to
one another?
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The kernels

@ What is the kernel Kg(I'5) of the action of G on I'3?

@ What is the kernel Kg(Altg(I")) of the action of G on
Altg(T)?

@ We need a better insight into the local structure.

@ How are two non-disjoint G-alternating cycles attached to
one another?

@ The G-alternating jump of I' (Ramos Rivera, S, 22?7?).
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The alternating jump in HAT[84,1]
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The alternating jump

@ [ atetravalent G-HAT graph for G < Aut(I'), r = radg(I'),
a=attg(lN), ¢ =2r/a.

® C=(up,uq,...,Uusr_1)and C' = (vp, v1,..., Vor_1) the two
G-alternating cycles containing w = uy = vp.
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The alternating jump

@ [ atetravalent G-HAT graph for G < Aut(I'), r = radg(IN),
a=attg(lN), ¢ =2r/a.

® C=(up,uq,...,Uusr_1)and C' = (vp, v1,..., Vor_1) the two
G-alternating cycles containing w = uy = vp.

@ ThenCnNnC ={uy:0<i<a}={vy:0<i<a}.
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The alternating jump

@ [ atetravalent G-HAT graph for G < Aut(I'), r = radg(IN),
a=attg(lN), ¢ =2r/a.

® C=(up,uq,...,Uusr_1)and C' = (vp, v1,..., Vor_1) the two
G-alternating cycles containing w = uy = vp.

@ ThenCnNnC ={uy:0<i<a}={vy:0<i<a}.

@ Define gi(w) = min{q : vy € {us, u_,}} and
gn(w) = min{q : Uge € {Ve, V_¢}}.
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The alternating jump

@ [ atetravalent G-HAT graph for G < Aut(I'), r = radg(IN),
a=attg(lN), ¢ =2r/a.

® C=(up,uq,...,Uusr_1)and C' = (vp, v1,..., Vor_1) the two
G-alternating cycles containing w = uy = vp.

@ ThenCnNnC ={uy:0<i<a}={vy:0<i<a}.

@ Define gi(w) = min{q : vy € {us, u_,}} and
gn(w) = min{q : Uge € {Ve, V_¢}}.

@ Finally, let jumg(l') = min{q:(w), gn(w)}.

@ This is the G-alternating jump of I
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The alternating jump

@ [ atetravalent G-HAT graph for G < Aut(I'), r = radg(IN),
a=attg(lN), ¢ =2r/a.

® C=(up,uq,...,Uusr_1)and C' = (vp, v1,..., Vor_1) the two
G-alternating cycles containing w = uy = vp.

@ ThenCnNnC ={uy:0<i<a}={vy:0<i<a}.

@ Define gi(w) = min{q : vy € {us, u_,}} and
gn(w) = min{q : Uge € {Ve, V_¢}}.

@ Finally, let jumg(l') = min{q:(w), gn(w)}.

@ This is the G-alternating jump of I

@ So, jum(I') = 2 for Doyle-Holt and also for HAT[84,1].
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Results (Ramos Rivera, S, 2??7?)

Proposition

LetT, G, a, r, qi,qn and g = jumg(l') be as above. Then

g:gn = £1 (mod a). Moreover, if a does not divide r then

g: = qp and g% = +1 (mod a), and so the associated circulant
is arc-transitive.
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Results (Ramos Rivera, S, 2??7?)

Proposition

LetT, G, a, r, qi,qn and g = jumg(l') be as above. Then

g:gn = £1 (mod a). Moreover, if a does not divide r then

g: = qp and g% = +1 (mod a), and so the associated circulant
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Proposition

The G-alternating jump of a tightly G-attached tetravalent
G-HAT graph, where G < Aut(I'), coincides with its third
defining parameter from the classifications of Marusic, Praeger
and Sparl.
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Proposition

LetT, G, a, r, qi,qn and g = jumg(l') be as above. Then

g:gn = £1 (mod a). Moreover, if a does not divide r then

g: = qp and g% = +1 (mod a), and so the associated circulant
is arc-transitive.

v

The G-alternating jump of a tightly G-attached tetravalent
G-HAT graph, where G < Aut(I'), coincides with its third
defining parameter from the classifications of Marusic, Praeger
and Sparl.

LetT, G, B be as above. Then Kg(I'p) = Kg(Altg(I)).
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Theorem

LetT be a tetravalent G-HAT graph for some G < Aut(I') and let
r =radg(l') and a = attg(l'). Let K = Kg(Altg(I")) be the kernel
of the action of G on the graph Altg(I') of G-alternating cycles
of I'. Then one of the following holds:

() a=2rand K = D;;

(i) a=r =2, in which caseT is the wreath graph C,[2K] for
some integer n, and K is isomorphic to a subgroup of the
elementary abelian 2-group of order 2";

(i) a=r > 2 and K is isomorphic to the dihedral group of
order 2a;

(iv) a< rwith al r and K is isomorphic to the cyclic group of
order a, unless possibly if a = 2, in which case the kernel
K can be ftrivial;

(v) a< rwithatrandK is isomorphic to the cyclic group of
order a/2.
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LetT be a tetravalent G-HAT graph for some G < Aut(I") and let
r=radg(l), a = attg(l') and g = jumg(I"). Suppose a does not
divider and4 < a < r. If g =1 or the graph Altg(I") is bipartite,
then the graph T is arc-transitive. In particular, if4 < a<r, a
does not divide r and q # a/2 — 1, then T is arc-transitive.
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