
8th PhD Summer School in Discrete Mathematics
Questions on Colva’s lectures on July 2nd.

1. Prove that every σ ∈ Sn can be written as a product of pairwise disjoint cycles,
and this decomposition is unique up to the order of the cycles.

2. Let i1, i2, . . . , ik be distinct elements of n and let π ∈ Sn. Show that

π−1(i1 i2 . . . ik)π = (iπ1 i
π
2 . . . iπk).

Deduce that elements of Sn are conjugate if and only if they have the same
cycle structure.

3. Why do we not normally get an action of a group G on itself by defining
ag := ga? Show that ag = g−1a gives a faithful regular action of G on itself.

4. Let a finite group G act on the set of all of its subgroups by conjugation. Verify
that this is an action. What is the stabiliser of a subgroup H of G? Deduce
that the number of conjugates of H in G divides |G|.

5. Let G be a group acting transitively on a set Ω, let H be a subgroup of G, and
let Gα be a point stabiliser. Show that the following are equivalent:

(i) G = GαH; (ii) G = HGα; (iii) H is transitive.

In particular, the only transitive subgroup of G that contains Gα is G itself.

6. Let F be the Fano plane, as drawn in lectures. Use the Orbit-Stabiliser Theorem
to show that the automorphism group of F has order 168.

7. Two permutation groups G ≤ Sym(Ω) and H ≤ Sym(Γ) are called permutation
isomorphic if there exists a bijection λ : Ω → Γ and a group isomorphism
ψ : G→ H such that for all α ∈ Ω and x ∈ G

(αx)λ = (αλ)xψ.

Let Ω = Γ. Show that G and H are permutation isomorphic if and only if they
are conjugate subgroups of Sym(Ω).

8. Let G have two permutation representations ρ and τ to Sym(Ω). Show that ρ
and τ are equivalent if and only if for some a ∈ Sym(Ω) and for all g ∈ G

gρ = a−1(gτ)a.

Show that the images of equivalent representations are permutation isomorphic.

9. Show that A5 has a transitive action on 6 points. Hence or otherwise, show
that S6 has two inequivalent transitive representations on 6 points, but that the
images of the representations are permutation isomorphic.


