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In the mid-1990’s there were two different series of papers published to
classify vertex-transitive graphs of order qp, a product of two distinct
primes, one by Marušič-Scapellatto and the other mainly by Praeger and
Xu.

1 Ying Cheng and James Oxley, On weakly symmetric graphs of order
twice a prime, J. Combin. Theory Ser. B 42 (1987), no. 2, 196–211.
MR884254 (88f:05053)

2 D. Marušič and R. Scapellato, Classifying vertex-transitive graphs
whose order is a product of two primes, Combinatorica 14 (1994),
no. 2, 187–201. MR1289072 (96a:05072)

3 Dragan Marušič and Raffaele Scapellato, Characterizing
vertex-transitive pq-graphs with an imprimitive automorphism
subgroup, J. Graph Theory 16 (1992), no. 4, 375–387. MR1174460
(93g:05066)

4 Dragan Marušič and Raffaele Scapellato, A class of non-Cayley
vertex-transitive graphs associated with PSL(2, p), Discrete Math.
109 (1992), no. 1-3, 161–170, Algebraic graph theory (Leibnitz,
1989). MR1192379
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primes, one by Marušič-Scapellatto and the other mainly by Praeger and
Xu.

1 Ying Cheng and James Oxley, On weakly symmetric graphs of order
twice a prime, J. Combin. Theory Ser. B 42 (1987), no. 2, 196–211.
MR884254 (88f:05053)
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primes, one by Marušič-Scapellatto and the other mainly by Praeger and
Xu.

1 Ying Cheng and James Oxley, On weakly symmetric graphs of order
twice a prime, J. Combin. Theory Ser. B 42 (1987), no. 2, 196–211.
MR884254 (88f:05053)
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5. Dragan Marušič and Raffaele Scapellato, Imprimitive representations
of SL(2, 2k), J. Combin. Theory Ser. B 58 (1993), no. 1, 46–57.
MR1214891 (94a:20008)

6. Dragan Marušič and Raffaele Scapellato, Classification of
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Rend. A 128 (1994), no. 1, 31–36 (1995). MR1434162 (98a:05078)

7. Cheryl E. Praeger, Ru Ji Wang, and Ming Yao Xu, Symmetric graphs
of order a product of two distinct primes, J. Combin. Theory Ser. B
58 (1993), no. 2, 299–318. MR1223702 (94j:05060)

8. Cheryl E. Praeger and Ming Yao Xu, Vertex-primitive graphs of order
a product of two distinct primes, J. Combin. Theory Ser. B 59
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The two classifications had a different approach. The Marušič-Scapellato
effort focused on finding a minimal transitive subgroup of the
automorphism group of the graph,

while the Praeger-Xu approach was to
explicitly determine those vertex-transitive graphs with primitive
automorphism group or whose automorphism group is also transitive on
edges.
Over the years, it has become apparent that there are some small mistakes
and small “gaps” in these classifications. Our goal is to fix all known
errors (some of which have propagated in the literature) and to fill in the
“gaps” that we can see.
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The errors are mainly in writing down all vertex-transitive graphs whose
automorphism group is primitive.

One error is in a paper of Liebeck and
Saxl where a “+” should have been a “±”. Another is that one of the
Mathieu groups has two inequivalent primitive permutation representations
of certain degree, and only one was considered. We also list all paper in
the literature where the errors have propagated that we could find.
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A “gap” is filled by the following result:

Theorem

Let Γ be a vertex-transitive digraph of order pq, where q < p are distinct
primes such that Aut(Γ) is a quasiprimitive almost simple group that
admits an Aut(Γ)-invariant partition with blocks of size q, and Γ is a
(q, p)-metacirculant. Then one of the following is true:

1 Γ is isomorphic to a generalized orbital digraph of PSL(2, 11) that is
not a generalized orbital digraph of PGL(2, 11) of order 55.
Moreover, Γ is a Cayley digraph of the nonabelian group of order 55,
and its full automorphism group is PSL(2, 11), or

2 Γ is isomorphic to a generalized orbital digraph of PSL(3, 2) of order
21 that is not a generalized orbital digraph of PΓL(3, 2). Moreover, Γ
is a Cayley digraph of the nonabelian group of order 21, and its full
automorphism group is PSL(3, 2).
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The next error is in determining which Marušič-Scapellato graphs are
symmetric

(Marušič-Scapellato graphs are certain graphs whose
automorphism group contains a quasiprimitive representation of SL(2, 2k)
- it’s complicated). Praeger-Xu claimed the following:

Theorem

Let p = 2s + 1 be a Fermat prime and q|(2s − 1) be prime. Let
Γ = X (2s , q,S ,T ) be a symmetric Marušič-Scapellato digraph and assume
that SL(2, 2s) ≤ Aut(Γ) ≤ ΣL(2, 2s). Let a be the order of 2 modulo q.
Then S = ∅ and one of the following is true:

1 T = {0}, Γ has valency q, and automorphism group ΣL(2, 2s).

2 There is a divisor b of gcd(a, s) and 1 < a/b < q − 1 such that
T = Ub,i = {i2bj : 0 ≤ j < a/b}. There are exactly (q − 1)/a distinct
graphs of this type for a given b, each of valency qa/b, and the
automorphism group of each is 〈SL(2, 2s), L〉 where L ≤ 〈f 〉 is of order
s/b. Up to isomorphism, there are exactly (q − 1)/b such graphs.
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This allows us to fill the gap of determining the full automorphism group
of Marušič-Scapellato graph of order qp:

Theorem

Let p = 2s + 1 be a Fermat prime, q|(2s − 1) be prime, and Γ be a
Marušič-Scapellato digraph of order qp. Then Γ or its complement is
X (2s , q,S ,T ) and one of the following is true.

1 Aut(Γ) is primitive and
1 s = 2, qp = 15, S = Z∗

3 and T = {0}, {1}, or {2}. Then Γ is
isomorphic to the line graph of K6 and has automorphism group
d−1ΣL(2, 4)d ∼= S6 for some d ∈ Z .

2 p = k2 + 1, q = k + 1, S = Z∗
q and |T | = 1. Then there exists

d ∈ Z/D` such that Aut(Γ) = d−1PΓSp(4, k)d .
3 S = Z∗

q, T = Zq, and Γ is a complete graph with automorphism group
Sqp.

2 Aut(Γ) is imprimitive and
1 S < Z∗

q, T = Zq, Γ is degenerate, and Aut(Γ) ∼= Sp oAut(Cay(Zq,S)).
2 In all other cases there exists L ≤ 〈f /D`〉 and d ∈ Z/D` such that

Aut(Γ) = d−1〈SL(2, 2s), L〉d

which is isomorphic to a subgroup of ΣL(2, 2s) that contains SL(2, 2s).
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HAPPY BIRTHDAYS!
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