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Lie algebras

Throughout, let [ denote an algebraically closed field with characteristic 0.

By a Lie algebra over [, we mean a vector space g over [ together with a Lie bracket
operation |, | : ¢ X @ — g satistying (1)-(111) below.

(1) |, ] 1s bilinear.

(1) |x,y] =—|y,x]forallx,y € q.

(iii) [x, [y, z]] + [, [z, x]] + [z, [x, y]] = O for all x, y, z € g.



The special orthogonal algebra 804

The special orthogonal algebra 30, is the Lie algebra over [ with Chevalley basis|{ e, h;, f;, €, hy, f>}

satisfying the relations

h;, €] = 20,¢,, (i,j € 11.2}),
£ =28, (ij € {1.2)).
;. /i1 = o, (i,j € {L.2}),
e;, ej] =0, [A, hj] = 0, [fp];] =0, (i,j € {1,2}),

where 0 1s the Kronecker delta function.

there 1s an automorphism * : 804 — $0,4 with {e{k, h;k, Ik, eik, h;, f;‘} 1s another
parameters p, p, € [Fsuch that p;, p,  {0,1} evalley basis of 904

For convenience, we define the elements /4', h! € 80,4 by

hi+ h,, i1fa=
ha={1 2 !

b h itaepc  @ELLTD,

and define the elements & ¥, 1" T € 80, analogously.



The tetrahedron algebra [X

Let [X] denote the Lie algebra over [F with generators {xlj 17,7 € {0,1,2,3},7 # j} subject to
the following relations:

(1) For distincti,j € {0,1,2,3}, we have X;j+X; = 0.
(11) For mutually distinct 4,i,7 € {0,1,2,3}, we have

(111) For mutually distinct A, i, j, kK € {0,1,2,3}, we have

[Xis DXin DXis X 1] = 42035 X5 ].



Finite-dimensional modules of Lie algebras

Let W denote a finite-dimensional vector space over [-.
Let End(W) denote the set of all [~-linear maps W — W.
Let g denote a Lie algebra over [F.

The pair (z, W) is called a g-module 1f there is a linear map 7 : ¢ — End(W) such
that

a([x, y]) = [7(x), z(y)], (x,y € g).

We say the g-module (z, W) 1s irreducible whenever there 1s no nontrivial subspace
W’ C W such that (z, W) 1s a g-module.



The finite-dimensional irreducible 80,-module (7, V)

Let y;, 2, V», 2, denote mutually commuting indeterminates. For integers d,p > 1, let

| ={(G,))|i=0,1,...,d;j=0,1,...,p},

and define the F-vector space V = V(d, p) with basis consisting of

vi =y zy 7, (i, /) €.
The pair|(r, V) 1s a finite-dimensional irreducible 804-module|via the linear map  : 804 — End(V)
such tha
0 .
€= Vig (1 e {1,2}),
0 0 .
b= Yior =5 (€ {1.2}),
% .
fi = 2 (i € {1,2}),
0

where = means partial derivative with respect to 7.
[



Tridiagonal pairs

Let W denote a finite-dimensional vector space over . By a tridiagonal pair (or TD pair) on W, we
mean an ordered pair (A, A*) of linear maps A : W — Wand A* : W — W satisfying (1)-(1v) below.

1. Each of A, A* 1s diagonalizable on W.

11. There exists an ordering of eigenspaces of A such that

A*W. CW_+W.+ W, (i €{0,1,...,D}),
where W_; =0and W, ., = 0.

111. There exists an ordering of eigenspaces of A* such that

AW=C W=+ W=+ WE (ie {0,1,...,A}),
where W* = 0and Wy, = 0.
1v. There is no nontrivial subspace W’ of W such that AW’ C W and A*W' C W

(A, A*) has the :> (A,A*) is a
Krawtchouk type Leonard pair




Motivation of the research

family of univariate

L.eonard orthogonal

- polynomials of the
pairs Askey scheme

higher-rank - family of multivariate
Leonard orthogonal
pairs polynomials




Tridiagonal pairs of Krawtchouk type on V

restriction acts on V as a TD pair of

Krawtchouk type
(z(h"), m(h™ "))
P17+ P, *
(z(h"), n(h™T))
(z(h"), m(h™ 1))
pir#Fl=-p

(m(h1), 2(h™*))



The Lie algebra homomorphism 7, : [X] = 804

Fora,be { | ,1 }, thereis a Lie algebra homomorphism t_;, : Xl = 804 such that

where

Xo1 - h°,

Xyy > h7Y,

Xg3 = B0+ 2u7,
Xy > h% 4 25,
Xy > b9 —2x,

*h *ab
Xog > h 7 —=2r %,

K K
b b oquals s equals x% equals P oquals
1 -p, 1-p, sk %
K *
l e +€2 e; + e o L+ > e, fl +f2
%) ) 1 -p, 1 —p,
T CTIon T, p A
l—p 1 —p,
K K _ 2 — oK x
) er + 1, o -— =0 e e fi+e
I -p 1-p P P
l (— e; + /5 —at ) -1,




Some applications

the special
orthogonal |:> Doob graphs
algebra 90,

the tetrahedron error detecting and

error correcting codes

algebra [X] (in a data transmission)




The finite-dimensional irreducible X]-module (77, V')

Let p;,p, € Fsuchthatp,,p, € {0,1} andleta,be { |, 1 }. It p; #p,and p; # 1 — p,, then

(nt,,, V) 1s an irreducible [X]-module.

Moreover, the generators of ] act on V as follows. For k € {0,...,d+p}andfora,be { |, T },
we have

the eigenspace of 77, (x.) on V with eigenvalue 2k — d — p 1s

a
Vd+p—k

*b
Vd+p—k

(Ve oo+ VA OV e 4 V2

DO W N O N O S
O = = WD W = |

(V;—ilzp—k T T V;lkip) N (Vg Tt Vccll+p—k)
Vol + -+ VNV + - + Ve o)
(Vjﬁp_k 4o V;ﬁp) NV + -+ Vi)




The Drinfel’d polynomial P, 1(?)

Let p;,p, € Fsuchthatp,,p, € {O,1} andleta,be { |, T }.

Assume p; # p,and p; # 1 — p,.

The Drinfel’d polynomial associated to the irreducible X]-module (zz ;, V) 1s

A=A =p)¥1 =1 =pty’ ifa=b,
Pz, v)(D) = ; .
(1 =00 =pP)°l = pyt)° ifa#b.



Remarks on the 1somorphism of the TD pairs on V

restrictions

P1 F P>

p1#1—p,

#1
P> >

P1# P>
p1#1—p,

isomorphic TD pairs on V

(m(h*), a(h™*)) (m(h"), 2(h"T))
(m(h*), 2(h"T)) (m(h1), 2(h™*))
(m(h*), 2(h™)) (m(h1), 2(h"T))
(m(h*), 2(h™*)) (m(h1), 2(h"T))



Remarks on the irreducible X]-module (77 ,, V)

the space V can be

restrictions isomorphic [X]-modules expressed as
P17 P> (77}, V) (n74, V) Vil =p) @ V,(1 =p,)
p17#1-p
]
D, > (7z)4, V) (774 ), V) Vil =p) ®V,(py)
P17 P>
B 1
pr#l—p Vd(l—Pl)@’VP(E)
]

P>




Summary

In this presentation, we constructed four TD pairs of Krawtchouk
type on the finite-dimensional irreducible $04 -module
V = V(d, p). Using these TD pairs, we displayed four Lie algebra
homomorphisms [X] — $04. Consequently, we expressed V as a
tensor product of two evaluation modules 1n more than one way.
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