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Introduction

In the context of quantum algebra, representation theory and combinatorics, from the
90's the Askey-Wilson algebra AW and the theory of Leonard pairs
have been introduced and studied.

Theory of Leonard pairs (LP) lgives :

— a classification of finite dim. irreps. of AW algebra over K (g not root of 1)

m: AW — End(V) w(A) =4, 7w(A*)=A*

— an interpretation of discrete orthogonal polynomials of the Askey-scheme
3-term recurrence relation, difference equation, Askey-Wilson duality, orthogonality
satisfied by Raz(07%)
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Introduction

In the context of quantum algebra, representation theory and combinatorics, from the
90's the Askey-Wilson algebra AW and the theory of Leonard pairs
have been introduced and studied.

Theory of Leonard pairs (LP) |gives :

— a classification of finite dim. irreps. of AW algebra over K (g not root of 1)

m: AW — End(V) w(A) =4, 7w(A*)=A*

— an interpretation of discrete orthogonal polynomials of the Askey-scheme
3-term recurrence relation, difference equation, Askey-Wilson duality, orthogonality
satisfied by Raz(07%)

Transiti o
AW algebra 7| Leonard pair Eigenbasis of A : |6)/) ransition matrix Eigenbasis of A* : |0%)
A A A A M =0,1,...dim(V) N =0,1,...dim(V)
o< Ry(0%)

Pascal Baseilhac, Institut Denis Poisson - CNRS Tours



Introduction

In the context of quantum algebra, representation theory and combinatorics, from the
90's the Askey-Wilson algebra AW and the theory of Leonard pairs
have been introduced and studied.

Theory of Leonard pairs (LP) |gives :

— a classification of finite dim. irreps. of AW algebra over K (g not root of 1)
w: AW — End(V) m(A) = A4, 7w(A*)=A*

— an interpretation of discrete orthogonal polynomials of the Askey-scheme
3-term recurrence relation, difference equation, Askey-Wilson duality, orthogonality

satisfied by Ras(6%)

. i Transition matrix i i
AW algebra 7| Leonard pair Eigenbasis of A : |6)/) Eigenbasis of 10%)
A A A A M =0,1,...dim(V) 0,1,...dim(V)

Other material needed : [ A°=a[A", A, +b ] [ Dual eigenbasis of A (or A*) : @Jl\ (or (O3]) ]

<> Leonard triple A, A*, A° M,N =0,1,...dim(V)

Ferm 2 — _ g1
m.[X,Y](17qXY q Y X.

Pascal Baseilhac, Institut Denis Poisson - CNRS Tours



In the context of mathematical physics, from the 70-80's Leningrad school developped
the algebraic Bethe ansatz

Algebraic Bethe ansatz (ABA) | gives :

— explicit eigenvectors of arbitrary combinations of generating functions
‘de(u? m)’ ‘%6 (u? m)’ %6(»”’ m)? Qe(u’ m) e ‘A ® C[u? u_l]

satisfying exchange relations inherited from the Yang-Baxter algebras YB
or reflection equation algebras RE
associated with the ‘FRT’ presentation for algebra A

— scalar products of eigenvectors as determinant of some matrices
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In the context of mathematical physics, from the 70-80's Leningrad school developped
the algebraic Bethe ansatz

Algebraic Bethe ansatz (ABA) | gives :

— explicit eigenvectors of arbitrary combinations of generating functions
de(u’ m)’ ‘%E(u7 m)’ %e(u’ m)? @E(u’ m) e ‘A ® (c[u? u_l]

satisfying exchange relations inherited from the Yang-Baxter algebras YB
or reflection equation algebras RE
associated with the ‘FRT’ presentation for algebra A

— scalar products of eigenvectors as determinant of some matrices

dim(V) =2s+1

RE algebra 7f Dynamical operators € = +1,m € N* u={uy, ..., uy}
K-matrix K (u) o (u,m), B(u,m), € (u,m), Z(u,m)
v = {v1, ..., Uos}
(Any vector € V) _‘Off-shell’ 'Bethe states’ of homogeneous type 'Bethe states’ of inhomogeneous type
Bethe states [UM(@), M =0,1,...,2s [U2(3))

Diagonalization ?
Consider g

Eigenstates : variables @ solve a system Eigenstates : variables o solve
O, B,€,7)

M non-linear 'Bethe’ equations S") 1 'Bethe’ equation S("" 1 constraint

‘On-shell’
Bethe states
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| Correspondence Leonard pairs/triples of g-Racah type «— algebraic Bethe ansatz|

AW algebra ( RE algebra
Leonard pair A, A* K ;L Dyn. ops. &“(u, m), B (u,m), € (v, m), 2 (u,m)
Any vector [v) € V }( General 'Off-shell" Bethe states
’L\\I/" - B (urr, m)|Qe)

=B (uw,m+2(M - 1))--

Eigenbases of A, A*
02r), 16

’L M =0,1,..,2s, @e S" Homogeneous type

'On-shell’ Bethe states
M =2s, @ € S Inhomogeneous type

- 'On-shell’ Bethe states }

Any scalar product

(Orlv) e C

Specialization M’ = 2s

linear system
solved by (0¥ (w))

Scalar products
(02|02 (@)

Use Leonard triple =

{ Inhomogeneous <+ homogeneous ]

q-Racah polynomials R/ (6%)
Bethe roots Bethe roots

3 Determinant formula J

— Towards Correspondence between the theory of tridiagonal pairs

(q-Onsager algebra finite dim. irreps. ) <— Algebraic Bethe ansatz
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Step 1 : Relating AW algebra & Reflection Equation algebra

AW algebra Step 1 (& 2) f RE algebra
(Leonard pair A, A*) X (Dyn. ops. &“(u,m), B (u, m), € (u,m), Z°(u, m))

@ The Askey-Wilson algebra (over C) : generators A, A*

(A [AA] ], =pA" +wA+0T, g, p,w,m,m" €C
[A*,[A*,A]q]q,1 =pA+wA* +9*T with [X,Y]q =gXY — ¢ Y X.

@ The reflection equation algebra presentation of AW
R(u/v) (K(u) @ I) R(w) (I ® K(v)) = (I QK(v)) R(uww) (K(u) ® I) R(u/v) .

— u, v indeterminates,
— K(u) € AW [u,u~'] ® End(C?) called ‘K-operator’

— R(u) € Clu,u~'] ® End(C?) ® End(C?) called ‘R-matrix’
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Correspondence : AW algebra «— Reflection equation algebra

— Starting point for ABA construction

ug —ulqg=?! 0 0 0
_ -1 _ g1
The R-matrix : R(u) = 8 ’;7 Z_l Zﬁ 2_1 8
0 0 0 uq —u"lq~1!

and the K-operator : K(u) = ( “é((:j)) g((z)) ) :

A(w) = (u® —u™?) (quA — ¢ 'wT AY) — (g + ¢ Dp7t (nu+n*uTt)
D(u) = (u* —u™?) (quA* — ¢ 'u™'A) — (g + ¢ o (Mut+nut)

B = x(u = ) (5 (1A al, + 2 ) + W ‘f”;*z) , (xec)

q q° —q
2 -1,,—2
_ _ _ 2 w qu® +q "u
Clu) = px~ ! (W —u?) (p 1([A7A1q+ ,1)+ ty )
q—q q° —q

solve R(u/v) (K(u) @ I) R(uv) (I @ K(v)) = (I®K(v)) R(uv) (K(u) ® I) R(u/v) .
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Step 2 : The Leonard pair A, A* and ABA setting

(AW alggbra) i (Step 1 completed) & 2 f (RE algebra)
Leonard pair A, A L Dyn. ops. &“(u, m), B(u, m), € (u,m), 2 (u,m)

Definition : A Leonard pair on V is an ordered pair of diagonalizable linear maps
A:V —Vand A* : V — V that each act on an eigenbasis for the other one in an
irreducible tridiagonal fashion.

Recall AW algebra with generators A, A*...

(A [A A,
[A*, [A*,A]q]q,1 =pA+wA* + 0T with [X, Y]q =gXY — ¢ Y X.

L =pA +wA+ T, g, p,w,m,n* €C

— Theorem [Terwilliger-Vidunas, 03]

Let (m,V) be a finite dim. rep. such that

- w(A), m(A*) are diagonalizable and spectra non-degenerate ;
- V is irreducible.

Then 7(A), w(A*) is called a Leonard pair.
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Step 2 : The Leonard pair A, A* and ABA setting

(AW alggbra) i (Step 1 completed) & 2 f (RE algebra)
Leonard pair A, A L Dyn. ops. &“(u, m), B(u, m), € (u,m), 2 (u,m)

Definition : A Leonard pair on V is an ordered pair of diagonalizable linear maps
A:V —Vand A* : V — V that each act on an eigenbasis for the other one in an
irreducible tridiagonal fashion.

Consider a Leonard pair A, A* of g-Racah type 7 : AW — End(V), dim(V)=2s+1
A— A, A*— A*

Spectra : Oy = bg?M + cq72M | N = b*q?N + g2 | (M,N =0,1,...2s).

Tridiagonal structure : 3 eigenbasis of A (resp. A*) [0rr) (resp. |0%,)) such that

Alorr) = OmlOm) , A%On) = A§w+1 Mml0ars1) +AM M|'9M> +A§W Larlfn—1)
ATloR) = ONI6R) . AIOR) = AR w101 + ARRIOR) + AR vI6N 1) -
(A(* h= Afzs+)1 25 = A(—"lf)o = Aé.é:-)l,zs =0)
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— In the ABA setting for Leonard pairs, we need the image via the algebra map
7 : AW — End(C?5t1) of the K-operator K(u) € AW [u,u~'] ® End(C?) :

. _( m(Aw) w(B(w))
(w®1d>’<<“)—( m(Cu)  w(D(u) ) ’

Remark : w(A(u)),... are combinations of matrices of size 25 + 1 X 2s + 1. Entries
7(A(u))ij, .. € Clu,u™1].

2 =il =2
For instance : w(C(u)) = px " (u” —u™?) (P’l ([AvA*qur y 1) e ) ‘
q—q q° —q
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— In the ABA setting for Leonard pairs, we need the image via the algebra map
7 : AW — End(C?5t1) of the K-operator K(u) € AW [u,u~'] ® End(C?) :

. _( m(Aw) w(B(w))
(w@lf”’““)—( m(C(w) m(D(u)) ) ’

Remark : w(A(u)),... are combinations of matrices of size 25 + 1 X 2s + 1. Entries
7(A(u))ij, .. € Clu,u™1].

2 =il =2
For instance : 7(C(u)) = px ™" (u? —u™?) (p_l ([AVA*]q+ - 1) s 2 ) :
q—q q° —q

— In the ABA setting associated with the reflection equation algebra, certain
polynomials of 7w(A(w)), 7(B(w)), 7(C(w)), m(D(u)) called ‘dynamical operators’ are
required for constructing Bethe states. Depend on extra scalars «, 8

Dynamical operators : {7(u, m), Z(u, m), ¢ (u, m), 2°(u, m)|m € N* | e = £1}
Example for the RE associated with a Leonard pair A, A* :
2_ -2 m —m 2 1
B (u,m) = M(& Y L B R B C e S

aq2m+2 — B\ Bpu ux qu qufi
+f(u,u™sm, B, p,w,m,m%, X)
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Correspondence : A, A* «— &/¢(u,m), B(u,m), ¢ (u,m), 2¢(u, m) |

— Ready for ABA construction !

—Casee= o

et U ) 4 4 + g u )
= s (g + s + I
A* = linear combination of &~ (u,m), B~ (u,m), €™ (u,m), 2~ (u,m) .

SeC Sl

A = linear combination of & (u,m), BT (u,m), ¢ (u,m), 2" (u,m) ,
u 1 1 qui(u_!) + g tuti(w)
A* = T/ oy 7ﬂ+ () 7@+ ) ) ()
s () gy o)) +
where  f(w) = (¢+ ¢ Yp~t (nu+n*ul), b(x) =z —z L

Remark : Dynamical operators depend on free scalars o, 8 and integer m.
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Step 3 : Definition of Bethe states for LP

AW alg_ebra N Step 1 & 2 (completed) f : RE ;Igebra
Leonard pair A, A 1 Dyn. ops. @ “(u, m), B (u,m), € (u, m), 2°(u,m)
Step 3
Any vector [v) € V y‘( o General 'Off-shell" Bethe states
{ vy

= B(ur,m+2(M —1))--- B (ur, m)|Q)

— In ABA setting, we need to identify so-called ‘reference states’ |Q€), e = +

Recall that the parameters «, 3, m enter in the definition of the dynamical operators

€ (u,m), BE(u,m), 6 (u, m),?¢(u, m) meEN", e=+
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Step 3 : Definition of Bethe states for LP

AW algebra . Step 1 & 2 (completed) f _RE algebra
Leonard pair A, A X Dyn. ops. &“(u, m), B (u,m), € (v, m), 2 (u,m)
Step 3
Any vector [v) € V k o General 'Off-shell" Bethe states
{ vy

= B(ur,m+2(M —1))--- B (ur, m)|Q)

— In ABA setting, we need to identify so-called ‘reference states’ |Q€), e = +

Recall that the parameters «, 3, m enter in the definition of the dynamical operators

€ (u,m), BE(u,m), 6 (u, m),?¢(u, m) meEN", e=+

’Correspondence D00) <— Q7). [65) +— |QT)

. If the parameter « is chosen such that :

(> — ¢ ?)x lactqmo =1 (resp. (g2 — ¢~ 3)x tabg=™0 = —1)

then
’ €+ (u,mo)|2FT) =0 (resp. €~ (u,mo)|Q2~) = 0)

|t mo)|0®) = AF@)I0E)  and  7E(umo)|oE) = Af (w)|0)

Pascal Baseilhac, Institut Denis Poisson - CNRS Tours



Step 3 : Definition of Bethe states for LP

AW alg_ebra N Step 1 & 2 (completed) f : RE ;Igebra
Leonard pair A, A X Dyn. ops. &“(u, m), B (u,m), € (v, m), 2 (u,m)

Step 3

Any vector |v) € V

. General 'Off-shell" Bethe states
’L\ﬂ!("(ﬁ)) = B (uy,m+2(M — 1)) - - - B(upr, m)|)

— In ABA setting, from any of the reference states |Q2€)and using successive actions

of dynamical operators %% (u, mg) we get :
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Step 3 : Definition of Bethe states for LP

AW algebra . Step 1 & 2 (completed) f _RE algebra
Leonard pair A, A X Dyn. ops. &“(u, m), B (u,m), € (v, m), 2 (u,m)
Step 3
Any vector [v) € V k . General 'Off-shell" Bethe states
{ vy

= B(ur,m+2(M —1))--- B (ur, m)|Q)

— In ABA setting, from any of the reference states |Q2€)and using successive actions

of dynamical operators %% (u, mg) we get :

Consider the string of dynamical operators ( @ = {u1,us,...,up})

B (a,m, M) = A (ui,m+2(M—1))--- B (un,m)

: The Bethe states generated from the Leonard pair A, A* are :

\\Ily(ﬁ, mo)) = B~ (@, mo, M)|Q2~) for (q2 — q_z)x_lozbq_mD =—1 and =0,
\\Df(ﬂ,m@) = Bt (a,mo, M)|Qt) for (¢? —q H)x lac*q™ =1 and S=0.

Physics’s terminology : 'Off-shell’ Bethe states ( 'On-shell’ Bethe states if @ solve BE)
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Step 4 : Eigenbases for LP & On-shell Bethe states

Eigenbases of A, A*
102}, 10%)

'On-shell’ Bethe states
Step 4 ’L M =0,1,..,2s, @€ S™ Homogeneous type

'On-shell’ Bethe states
M =2s, € S"" Inhomogeneous type

Let O(u) = O(A(u), B(u),C(u), D(u)), where A(u), ... satisfy exchange relations
from RE algebra. Diagonalization of O 7

M
Ow)|¥(a)) = A(w; @)| ¥ () + Y Ej(@)|¥;(a))

j=1

— ‘ | (@)) eigenvector of O(u) ‘ if 4 solve ‘Bethe Equations’ E;(u)

— ‘ Eigenvalue of O(u) is A(u; @) ‘
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Step 4 : Eigenbases for LP & On-shell Bethe states

'On-shell’ Bethe states
Step 4 ’L M =0,1,..,2s, @€ S" Homogeneous type

Eigenbases of A, A*
[0as), 10%)

'On-shell’ Bethe states
M =2s, € S"" Inhomogeneous type

Let O(u) = O(A(u), B(u),C(u), D(u)), where A(u), ... satisfy exchange relations
from RE algebra. Diagonalization of O 7

M
Ow)|¥(a)) = A(w; @)| ¥ () + Y Ej(@)|¥;(a))

j=1

— ‘ | (@)) eigenvector of O(u) ‘ if 4 solve ‘Bethe Equations’ Ej(a) =0, j =1,..., M.

— ‘ Eigenvalue of O(u) is A(u; @) ‘

. . A @ = {uy, ..., ups} solve homogeneous BE
Application to LP A, A* : Two possibilities % = {1, ..., vags} solve inhomogeneous BE
‘Homogeneous’ correspondence :

[1630) — 0¥ (@,m0)) . [63) +— ¥ (@, mo)) |

‘Inhomogeneous’ correspondence :
[163) = 193 (@.m0)) . 105 — [¥2°(5,mo)) |
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Step 4 : Eigenbases for LP & On-shell Bethe states

Eigenbases of A, A*
102}, 10%)

'On-shell’ Bethe states
Step 4 ’L M =0,1,..,2s, @€ S™ Homogeneous type

'On-shell’ Bethe states
M =2s, € S"" Inhomogeneous type

— Hom. Bethe equations (system of M coupled equations in M variables)

EM(u;, ;) =0 for ﬂ:Sﬁ/l(h), (resp. Ef(ui,ﬁi):o for ﬁ:SiN(h))
M
with  EY (u;, @;) = — ; H Fluiup) AT () + [ hlus, i) A (us) -
(qu i
J=1,j7#1 j=1,j#1

o 4 ={ui,..,up} and u; = u\u;
eb(zx)=x—x1

. AfQ(u) : rational functions of u and LP data (scalars b,b*, c,c* in LP spectra)

e f(u,v), h(u,v) data from exchange relations between dynamical operators
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Step 4 : Eigenbases for LP & On-shell Bethe states

— Inhom. Bethe equation + 1 constraint (2 equations in 2s variables)

Ey(vj,v5) =0 for ©= Sj\_l(i) (resp. E_(vj,0;) =0 for ©= SiN(i))
Cds (%2 , -2 25, 2s —2s B S Y M (4)
o = a (TP T DRslg + a* (00 a3 —act 3 (qui + a7 i) for @ = sY
=
25
ep 0% = a*(o(c2+ T DM2slg + a7 0% + M a7) — g Ib 3 (w2 + o wl?) for w =5V
=1
. _ b(’U ) as! 2. 3\F1 = +
with B4 (v;,7;) = b v) H fUuUJ)A (vi) = (g°v;) H h(vi,v;) A5 (v5)
qv; J=1,j#1 J=1,j#i
eI 2 2s 1/2+k—s/,,. 1/24k—spF—1,,.
v b(v; PN v; v
+uy 9 (7,) k=0 (qzs < )( C 7,) :
b(q) G=1,ji b(vzv ) (quivy)

where vy =q¢ 174" v =4, (eC’.

e Notation : ¥ = {v1,...,v2s} and U; = \v;.
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Step 5 : Revisiting Bethe states using Leonard triple

— Bethe states generated from the Leonard pair (A, A*) are :

[ WM (G, mo)) = BE(u1,m + 2(M — 1)) - - - B (upr, m) |Q°)
———

Dynamical op.

E e —e(m+2) + —1
B (u, m)) = b(u?)u—L— (A° -l g) >U)

—1,-2

_ qu’+qg
- —1

@ ‘Symmetric’ variable U
Yy q+q

@ Scalar 7o such that 7"52 = bc = b*c* = b®c®.

@ Dynamical operator in terms of :

{.,x,0}
O 0 * T W
A = (@P=a=7) [4 ’A]q + (a—qa=1)(¢%°—q72)
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Step 5 : Revisiting Bethe states using Leonard triple

— Bethe states generated from the Leonard pair (A, A*) are :

[ WM (G, mo)) = BE(u1,m + 2(M — 1)) - - - B (upr, m) |Q°)
———

Dynamical op.

E e —e(m+2) + —1
B (u, m)) = b(u?)u—L— (A° -l 7% >U)

_ = =2

® c
Symmetric’ variable U ara—T

@ Scalar 7o such that 7"52 = bc = b*c* = b®c®.

@ Dynamical operator in terms of :

rg wl*0}

o T0 53 ) =~
A% = (¢2—q=2) [4 ’A]q * e D=2
Leonard triple A, A*, A° : AW relations ‘Z3’ form :
0 0 wlabc}

9 qabae] a0 © _op
(quq*2)[ la (@ —q=1)(a?2 —q=2)

= Compute Leonard triple's respective actions on eigenbases of A, A*  A® to

decompose Bethe states into A's eigenvectors.
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: Bethe states’ decompositions (M" = 0,1, ..., 2s)

2s M
"o, _ _ f T
O @m) = G @ 3o L pted >NM,H(Ui—i°_1e;>W)|eN>
Nm'=0 70 i=1 atq
|\I,M//(_ ) @) z N v {*' i (P{o }—1) Aﬁ (U 70 0° ) |6n)
w,m)) = " 8 / P ’
L N,M'=0 gOhM' e AN E T "

for certain conditions on spectra data A, A*, A® (irreducibility) :

() b)) L q M | pbh) Tl 2 g T2M )Tl 2 g7 2M o 1< M <451,

(@) Cb¢_r0q72M+1cacc, bai—r0q72M+1+4sbbbc, ca;é—rosz+4871bbbc, cb¢ 2M71ba c

1— 1+e\ M
Data: @ g5,(u) = (E(q +q g M+ T o 26) (Hi]\il 5(7‘%)“';6) U=

—2k—2 1 bpe
far = fo ]_[M g ga 2k+:’7;0_l11 bECb , similar type of expressions for g, has,
o :

©

(]

goh fixed in terms of ratios of g-Pochammer and A, A*, A® spectra data.
— -1
@ (plab} =y o = V(g“’b’c} kj{vlj"a‘c}RJ{‘f;’c}(e?\,)

— a _ b
q 2Mle)Tq2IVI’q 2Nbe)q2N
c

-
b%cC bPbC . as+1 —as L
—% 0% — @ rod ST, aT

2

g-Racah pol. r{%}o%) = 403
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Step 6 : Computing scalar products using Leonard triple

Scalar products
Use properties of Leonard triple A, A*, A° = (00| () (Dual basis (#y| linear maps V — C)
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Step 6 : Computing scalar products using Leonard triple

Scalar products

Use properties of Leonard triple A, A*, A° = (00| () (Dual basis (#y| linear maps V — C)
: scalar products for arbitrary ‘off-shell’ Bethe states
17

(O] WM (@, m)) 2 T
= = =g (a)EE plo} g (U ——, ) :

@arlOnr) w87 Mz; ( aanse T (V= o=

"

(One [ WY (@, m)) =1 S i
Ml AV - plo:} <U' _ 790 )

(01w|01w> gM//(U) {* o } = Bagr ( )MM/ Zzl_[l i o q_l
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Step 6 : Computing scalar products using Leon

Use properties of Leonard triple A, A*, A° =

Scalar products

(O] V]

(Dual basis (6| linear maps V — C)

: scalar products for arbitrary ‘off-shell’ Bethe states

%m = g&,,(ﬁ)goyi{c% S o (P{<> 3 )MM/jlf[l, <Ui - ﬁGO )
Example:s:%,e:f‘ XE"”@Q:W, M =0,1.
X(;,Off (u1) = bi(q)(qj:gsj;f)l wrb(u?)Y_ (u1|u1)
e— qu%(:b)*bo (qrob(}b* (ZZT§b2 -1 T B ron0" (20262 — 1) 157 (1 - atr2b2)

_ (qz _ 1) argbb® ({"r%
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Step 7 : Specialization and Belliard-Slavnov linear system

Specialization M’ = 2s

Scalar products

Use Leonard triple = (0210 (@)

linear system
solved by (0¥ (u))

— In general ABA setting showed that scalar product of Bethe
states satisfy a system of linear equations.

= ‘ gives a way to derive determinant formula for scalar products ‘
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Step 7 : Specialization and Belliard-Slavnov linear system

Specialization M’ = 2s
Scalar products linear system
Use Leonard triple = <(;A‘[‘\I/;”'r\“)> solved by (0¥ (u))
— In general ABA setting showed that scalar product of Bethe

states satisfy a system of linear equations.

= ‘ gives a way to derive determinant formula for scalar products ‘

Belliard-Slavnoy linear system for LP 4,47 :

:Forany M =0,1,...,2s,and j =1,2,...,25s + 1,

Xe,off(f) <9M‘\I/Es(ﬁr m)) | 2§1M5,MXe,off(j ) 0
) = ———— solves - L) =
M <0]VI‘9M> Pt jk M

o Matrices MM M =0,1,...,2s,€ = & with entries M;}CM
with j,k =1, ...,2s + 1 expressed in terms of ABA data

oYV ={y1,y2,. Y25, Y2541}, Vi =V\y; and YV, =V;\uyi .
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Step 7 : Specialization and Belliard-Slavnov linear system

Specialization M’ = 2s
Scalar products linear system
Use Leonard triple = <(;A‘[‘\I/;”'r\“)> solved by (0¥ (u))
— In general ABA setting showed that scalar product of Bethe

states satisfy a system of linear equations.

= ‘ gives a way to derive determinant formula for scalar products ‘

Belliard-Slavnoy linear system for LP A, 47 :

Xe,off(f) <9M‘\I/Es(ﬁr m)) | 2§1M5,MXe,off(j ) 0
U) = ———— solves - L) =
M <0]VI‘9M> Pt jk M

Using theory of Leonard pairs and linear independence of Bethe states, one shows :

: rank(MSM) = 2s.

25 (=
= 3 Determinant formula for {2 1¥<"(@m)

(Onr10nr)
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Step 8 : Determinant formula and g-Racah polynomials

linear system
[q-Racah polynomials Ry/(63) solved by {6y V(1))

3 Determinant formula

: The normalized scalar product admits a determinant formula :

(Onr | W25 (@, m))
(Oar10a1)

for some non-degenerate 25 + 1 x 2s + 1 matrix WM such that :

=Y (~DFdet MY, MOM = e e M

@) (wevMvaM) —0 forall k=1,..25+1,
2s+1 k
(47) det ./’\/lvfgjs\ﬁ_l k] is independent of yy.

— Application to g-Racah polynomials ? If we specialize & to Bethe roots such that
[W2°(@,m)) o< |03,)

= building elements for g-Racah polynomials....
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Step 8 : Determinant formula and g-Racah polynomials

linear system
[ . - solved by (6| V2(u))

g-Racah polynomials R(0%)
3 Determinant formula

Corollary | : The g-Racah polynomial RI{V‘I'O}( %) admits a determinant formula :

Vs det M,

rU ’O}(GN) —[ZSH 241 for Yosi1 = GRD)
Yo detM[st 25+1] D
solve BEs
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Step 8 : Determinant formula and g-Racah polynomials

linear system ]

solved by (6| V2(u))

g-Racah polynomials R(0%)
3 Determinant formula

Corollary | : The g-Racah polynomial Rl 'O}(G* ) admits a determinant formula :

det M, _ ;
rU ’O}(GN) Y —[23+1 241 for Vasy1 = SiN(z) .
1/)0 det M[25+1 25+1] —_————
solve BEs

Bomw] o=t = 5o

LdetM[Q 2] ¢1 Mu

R{vo}(e* ) —
Yo det./\/l[2 9] IZJO /\/111
ABA datum
. < W RO R*
) (g2 4 (g2,
2,30 , vy solves BE.
r5bb Y_ (y1]y1)
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Summary and perspectives

Summary : New insights in both subjects

@ Scalar products of on-shell/off-shell Bethe states are explicitly computed for
Leonard pairs’ related related integrable systems;

@ Explicit solutions of Belliard-Slavnov linear systems are obtained using theory of
Leonard triple;

@ The existence of a determinant formula for g-Racah polynomials is proven.
Explicit examples are constructed.
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Summary and perspectives

Summary : New insights in both subjects

@ Scalar products of on-shell/off-shell Bethe states are explicitly computed for
Leonard pairs’ related related integrable systems;

@ Explicit solutions of Belliard-Slavnov linear systems are obtained using theory of
Leonard triple;

@ The existence of a determinant formula for g-Racah polynomials is proven.
Explicit examples are constructed.

Perspectives : — Extend to ¢ = 1 Racah case based on
— Extend to tridiagonal pairs of g-Racah type

The g-Onsager algebra O, admits ‘alternating’ presentation with generators
W_k; Wk+1, Gk41, Gk+1

@ Let m: Oy — End(V). Diagonalization of m(W_) (or m(Wy41)) using ABA
w(Wo) = A, #(W1) = A*  tridiagonal pair of g-Racah type

@ Scalar products of Bethe states
= Transition matrix between 7(W_j) and m(Wj41)'s eigenbases
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Pascal Baseilhac, Institut Denis Poisson - CNRS Tours



An example of physical system : Hamitonian of a 3-sites spin chain

— Consider the image in End(C? ® C2 ® C2) of AW generators A, A*
. The image of HA) = A+ AA* is :

H(\) = S755+57SY + ASFS5 + A(S555 + SySY + AS55%)
1 -1
+———(Si+ (A -DS5—AsH), A=
q—q- 2
where

170 1 170 —i 1 1 0
T Yy — [
Siz(lo)’S72(i 0)’572(0 —1)’
— Consider finite. dim. irreps of C2 ® C? ® C? and corresponding Leonard pair A, A*

@ Eigenstates for A # 0 of inhomogeneous type : |\I/2+S (a));

@ Eigenstates for A =0 : |0ar) ;
. 0ar |02 (@,m .
@ The normalized scalar product %M determines the overlap between
the eigenstates of H(\) and eigenstates of H'.

@ Application : in the context of quantum phase transitions A called ‘driving
parameter’ = fidelity when considering the ground states of each Hamiltonian.
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