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Let V denote a finite-dimensional vector space over a finite field. The
corresponding projective geometry P is the poset consisting of the
subspaces of V/, with partial order by inclusion.

A Grassmann graph I associated with P is known to be distance-regular.

Pick distinct vertices x, y of I that are not adjacent and at distance less
than the diameter of . Consider a two-vertex stabilizer Stab(x, y) in
GL(V). It is known that there are five orbits of the Stab(x, y)-action on
the local graph of x, denoted by I'(x).
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In this talk we define three types of edges in I'(x), namely type 0, type +,
type —. For adjacent vertices w, z € ['(x) such that w, z are equidistant
from y, the type of the edge wz depends on the subspaces

w + z,w,z,w N z and their intersections with y.

For each pair of orbits O, N in ['(x), and a given vertex w € O, we find
the number of vertices z € N adjacent to w such that the edge wz has (i)
type 0, (ii) type +, (iii) type -. This is the main result of the talk.

To do this, we make heavy use of a subalgebra H of Matp(C) that
contains some matrices that are closely related to the five orbits in ['(x).
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Preliminaries

Let I = (X, E) denote a graph with no loops or multiple edges, vertex set
X, edge set E, and path-length distance function 0.

By the diameter D of ', we mean the value max{d(x,y) | x,y € X}.
For a vertex x € X, let the set I'(x) consist of vertices in X that are

adjacent to x. By the local graph of x, we mean the subgraph of '
induced on I'(x).

lan Seong (University of Wisconsin-Madison ,Counting edges of different typesin a local gr: June 26, 2025



Distance-regular graph

Definition
We say that I is distance-regular whenever for all 0 < h,i,j < D and all
x,y € X such that d(x,y) = h, the cardinality of the set

{ze X |d(x,z) =i, dy,z) =j}

depends only on h, i, j. This cardinality is denoted by p{’J.

From now on, we assume that I is distance-regular.
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Projective geometry P

This talk is about a class of distance-regular graphs called the Grassmann
graphs. These graphs are defined from projective geometries, which we
describe below.

Let I, denote a finite field with g elements. Let n > 1. Let V denote a
vector space of dimension n over IFy.

Let the set P = Pg(n) consist of the subspaces of V. The set P, together
with inclusion partial order, is a poset called a projective geometry.

For u,v € P, we say that v covers u whenever u € v and
dimv =dimu+ 1.
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The Grassmann graph J,(n, k)

For 0 < ¢ < n, let the set P, consist of elements of P that have dimension
£. We have a partition
n
P={]P.
0=0

We now define the Grassmann graph Jq(n, k).

Definition

For n > k > 1, the Grassmann graph Jg(n, k) has vertex set X = P,. Two
vertices x, y € X are adjacent whenever x Ny € Py_1.

The graph Jq(n, k) is known to be distance-regular.
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The Grassmann graph Jq(n, k)

The graph Jq(n, k) is isomorphic to J,(n, n — k). Without loss, we assume
that n > 2k.

The case n = 2k is somewhat special, so for the rest of the paper, we
assume that n > 2k.

Under this assumption, the diameter of Jg(n, k) is k.

From now on, we assume that I' = J,(n, k) with k > 3.
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Recall that GL(V) consists of invertible F4-linear maps from V to V.
The action of GL(V) on V induces a permutation action of GL(V) on P.
This action preserves dimension and the inclusion partial order.

The action of GL(V) on X preserves the path-length distance 0.
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The stabilizer Stab(x, y) and its action on I'(x)

Definition

For distinct x,y € X let Stab(x, y) denote the subgroup of GL(V)
consisting of the elements that fix both x and y. We call Stab(x, y) the
stabilizer of x and y.

Pick distinct x,y € X. Our next goal is to describe the orbits of the
Stab(x, y)-action on I'(x).

The cases d(x,y) =1 and d(x, y) = k are somewhat special. For the rest
of the talk, we assume that 1 < d(x, y) < k.
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Stab(x, y)-action on I'(x)

Definition
For x,y € X such that 1 < d(x,y) < k, define

BXY = {ZE r(X) | 6(27}/) = (?(x,y) + 1}7

CX}’ = {ZE r(X) | a(z7y) = 5(x,y) - 1}7
‘AX}’ = {ZE r(X) | 5(27}/) = (9(X,y)}

Lemma (S. 2024)

For x,y € X such that 1 < d(x,y) < k, the sets B,y,Cx, are orbits of the
Stab(x,y) action on I'(x).

As we will see, the set A,y is the disjoint union of three orbits. To
describe these orbits, we refine the partition of P described earlier.
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Recall the partition

P=1|]P.
=0

We now refine this partition. For 0 </ < k and 0 < j < n — k, define

Pij={ueP|dim(uny) =i, dimu=i+j}.
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Partitions of P
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Earlier, we described the covering relation on P. We now give a
refinement of this covering relation.

Lemma (S. 2025+)

Let u,v € P such that v covers u. Write

ue P,"J', vV E Pr,s-

Then either (i) r =i+ 1ands=j, or (ii)r=iands=j+1.

Definition

We say that v /-covers u whenever (i) holds, and v \-covers u whenever
(ii) holds.

lan Seong (University of Wisconsin-Madison ,Counting edges of different typesin a local gr: June 26, 2025



/-cover and \-cover

v /-covers u:
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/-cover and \-cover

v \-covers u:
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Stab(x, y)-action on I'(x)

Definition
For x,y € X such that 1 < d(x,y) < k, define

Agy = {zel(x) | z+ x /-covers each of z and x, which \-covers z n x},
Ay, ={z€eT(x) | z+ x \-covers each of z and x},

A, = {zeTl(x)|each of z and x /-covers z N x}.

A\,

Lemma (S. 2025+)

For x,y € X such that 1 < d(x,y) < k, the set A, is the disjoint union of

the sets .Af’(y, Al A

o
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Stab(x, y)-action on I'(x)

ze A?Q,:
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Stab(x, y)-action on I'(x)

ze A
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Stab(x, y)-action on I'(x)

ze A,

lan Seong (University of Wisconsin-Madison ,Counting edges of different typesin a local gr: June 26, 2025



Stab(x, y)-action on

Lemma (S. 2025+)

For x,y € X such that 1 < d(x, y) < k, the following sets are orbits of the
Stab(x, y)-action on I'(x):

By, Cxy) AL A A

Xy Xy Xy

Furthermore, these orbits form an equitable partition of T'(x).
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Structure constants

We present the corresponding structure constants. In what follows, we use

the notation
[ (mez)
i .
Referring to the table below, for each orbit O in the header column, and
each orbit AV in the header row, the (O, N')-entry gives the number of

vertices in A/ that are adjacent to a given vertex in O. Write i = d(x, y).
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Structure constants

B., Cuy Asy ALy Ay
Buy | il 0 0 ali] qli]
Cay 0 2li—1] 2¢°—q—1 ¢*n—k—i] ¢*'[k—1]
AL, 0 2] -1 2¢—¢g—-2 ¢ ' n—k—i ¢ k-1
AL gk — 1] l] (=Dl qln—kl—q—1 0
Az | ¢t n—k—i] d (q—1lz] 0 qlk] —q—1
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Types of edges in I'(x)

We now define three types of edges in '(x); as we will see, these types are

related to the orbits Agy, Al A

Definition

Pick x, y € X such that 1 < d(x,y) < k. For adjacent w, z € ['(x) such
that d(w, y) = d(z, y), we say that the edge wz has

(i) type 0 whenever w + z /-covers each of w and z, which \-covers
w Nz,

(i) type + whenever w + z \-covers each of w and z,

(iii) type — whenever each of w,z /-covers z N x.

For adjacent w, z € ['(x) such that d(w, y) = d(z,y), the edge wz has
exactly one of the three types above.
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Types of edges in I'(x)

Assume that 1 < d(w,y) = d(z,y) < k. The edge wz has

(i) type 0 if and only if w € A,

(ii) type + if and only if w e A7,

(iii) type — if and only if w e A .

Pick a pair of orbits O, N. Pick w € O. Our next goal is to find the
number of vertices z € N adjacent to w such that the edge wz has (i)
type 0, (ii) type +, (iii) type —.

To do this, we make heavy use of the subalgebra H of Matp(C).
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The algebra H

Let Matp(C) denote the C-algebra consisting of the matrices with rows
and columns indexed by P and all entries in C.

Throughout the talk we use the following notation. For u,v € P and
M € Matp(C), let M, , denote the (u, v)-entry of M.

Definition
We define diagonal matrices K1, K> € Matp(C) as follows. For u € P their
(u, u)-entries are

n—k

(K1), ,= g, (K2), ,=a’ 2,

where u € P; j. Note that K1, K> are invertible.
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The algebra H

We define matrices L1, Ly, Ry, R € Matp(C) as follows. For u, v € P their
(u, v)-entries are

(L), = 1 if v /-covers u,
Huyv 0 if v does not /-cover u,

(L), = 1 if v \-covers u,
2 uy 0 if v does not \-cover u,

(R). = 1 if u /-covers v,
Yy 0 if u does not /-cover v,

0 if u does not \-cover v.

1 if u \-covers v,
).~ |
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The algebra H

lan Seong (University of Wisconsin-Madison ,Counting edges of different typesin a local gr: June 26, 2025



The algebra H

Definition

Let H denote the subalgebra of Matp(C) generated by
L17 L27 R17 R27 K]_il7 K2i1

Next we define matrices R, L, FO, F* F~.

Definition
Define

R=L1R>, L=Rils.
Note that R, L € H.
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The algebra H

Define matrices FO, F*, F~ € Matp(C) as follows. For u, v € P their
(u, v)-entries are

(FO) - 1 if u+ v /-covers each of u and v, which \-covers u N v,
v 0 otherwise,

(F*), = 1 if u+ v \-covers each of v and v,
v 0 otherwise,

(F), = 1 if each of u and v /-covers un v,
v 0 otherwise.
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The algebra H

(F9),, =1
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The algebra H

(F¥),, =1

)
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The algebra H
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The algebra H

Lemma (S. 2025+)

The matrices FO, F*, F~ are contained in H.

Next we express FO, F™, F~ in terms of the generators of .

Lemma (S. 2025+)
The matrices FO, F+, F~ satisfy

0 _ _ =1 a1 - =
Fr=LR R1L1+(q 1) q2K1 Ko—qg2Ki—qg 2 Ko+ 1

)
K2+I)

= Rola = LaRo + (9= 1) 7" (a3 Kaky ! — g2 K1 — g
k n—k
F™ = LR — g% (g — 1)K, (qTKz_l _ /),

Fo=Rili—q'7 (- 1) (g K = 1) Ko
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The algebra H

Next we recall the generating set for the center of H.

Lemma (S. 2025+)

The center of ‘H is generated by the following three elements:

= g% ((q- DFOKTKG + T KT+ ab i — K KG Y,
2 = g% (aF%K; T+ (- DF K

+(g—1)7" (ngKlK{l i q§+1Kf1 _ qK21>) —q(g -1,
Q= g4 (qFOK{l + (g DF KD

n—k _ n _ _ _
E(g= 1)‘1<q7+1K1 Ko + g2 TRy — gk 1)> —q(g—1)711.
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The algebra H

Lemma (S. 2025+)

We have
£O _ 95 QKK — q2 Ky — q"T Ko + |
- S :
g2 — (g— 1)1 (CISJrl (QoKz + K§1> - 2q§+1/)
Ft = K
q_ 1 17
q"%kgl ~(g—1)1 (q’2’+1 (QoKl 4 K1_1> _ 2qn;k+1/>
F~ = K>
qg—1

The matrices FO, F*, F~ mutually commute.
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Relations that involve R, L, F®, F* F~

Next we present some useful relations that involve R, L, FO, F+ F~.

Theorem (S. 2025+)

We have

q*RF° — FOR + (q§K1 +q 7T K~ (q+ 1)/)R =0
qRF+—F+R—F0R—|—(q—1)_1(qg+1K2_1K1—q§K1—q%kKTH)R =0
qRF‘—F‘R—FOR+(q—1)_1(qg+1Kf1K2—q§K1—q%kK2+/>R =0;
GPFOL— LF® 4 (q§+1K1 +q 2 Ky — (g + 1)/)L =0

n—k

qF+L—LF+—LF°+(q—1)—1(q%“Kz—lKl—q%“Kl—q : +1K2+/)L —0;

GF L—LF~—LF%¢(g—1)"! (q%“Kz—lKl—q§+1K1—q"%k+1K2+/)L —0.

- = = = >y
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Relations that involve R, L, F®, F* F~

Theorem (S. 2025+)
We have
0= LR—qF"F~ = (q- 1) (g K K — g7 T1G) F
+ (g2 KoKy — q%“Kl)F—)
. (q . 1)_2(qg+1K]_K2 . qn_g+1K1 o q#+1K2 + q"+ll);
0=gRL— (F%)? — FOF* — FOF~ — F*F~
~(q- 1)—1((q%K1 +q"7 Ky —21)F° + (q2 Ky — I)F*

n—k

+ (g2

_ /)F—) —(q—-1)2(q5KiKa — g5 Ky — q"T Ko + 1).

o
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Entries of matrices that involve FO, F*, F

For w € A, we find the (w, x)-entries of many matrices that involve
FO,F+ F~.

Theorem (S. 2025+)

Referring to the table below, for each matrix M in the header column and
each orbit O in the header row, the (M, O)-entry gives the (w, x)-entry of
M when w € O. Write i = d(x, y).
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Entries of matrices that involve FO, F*, F

“4'21'; 'Arw A.Tu
0)2 i

(F°) 2¢' —q—2 0 0
FOF+ 0 (7 — 1)[#] 0
FOp- 0 0 (q—1)]4]
F+Fo 0 (q— )4 0
(F*)2 ¢ n—k—i| qn—kl—-¢—q 0
F+p- 0 0 0
F-F° 0 0 (g —1)[4]
F-F+ 0 0 0

2 i . i
(F) gk — ] 0 glk] —¢' —q
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Types of edges in I

Theorem (S. 2025+)

Referring to the table below, for each orbit O in the header column, and

each orbit N in the header row, the (O, N)-entry gives a 3 x 1-matrix

that satisfies the following: each entry of the matrix corresponds to the

number of vertices in N that share an edge of type 0, +, — respectively
0

with a given vertex in O. We omit the entries | 0 |. Write i = d(x, y).
0
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Types of edges in '(x)

B., Cuy A Al A

it _g—1
B, 2 [n—k—i—1]
( g T2 k—i—1] )
0
Cuy (qli - IJ)
qli—1]
2qi —qg—2 0 0
Al 0 g tin —k—i] 0
0 0 gk —i]
0 (g —1)[4]
AZy (g —1)[g] qln —k| —q" —q
0 0
( 0 ) ( (q—1)[i] )
Az 0 0
(g —1)[d] qlk| —¢' —q
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We recalled the projective geometry Pg(n) and the Grassmann graph
Jg(n, k).

For vertices x,y such that 1 < d(x, y) < k, we recalled the
Stab(x, y)-action on I'(x) and its five orbits.

We defined three types of edges in ['(x). For each pair of orbits O, N and
a given vertex w € O, we found the number of vertices z € N adjacent to
w such that the edge wz has (i) type 0, (ii) type +, (iii) type —.

To do this, we brought in the subalgebra H of Matp(C); the algebra H
contains useful matrices like R, L, F°, F*, F~. We presented many
relations that involve R, L, FO, F*, F~. For w € A,,, we found the

(w, x)-entries of many matrices that involve FO, F* F~.

Thank you for your attention.
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