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The Onsager Lie algebra

Let F denote a field of characteristic zero.

Definition (Onsager 1944, Perk 1987)

Let O denote the Lie algebra over F with generators A,B and relations

[A, [A, [A,B]]] = 4[A,B], (1)

[B, [B, [B,A]]] = 4[B,A]. (2)

We call O the Onsager Lie algebra. We call A, B the standard generators for O.

The relations (1), (2) are called the Dolan-Grady relations.
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The tetrahedron algebra

The Onsager Lie algebra O is closely related to a Lie algebra ⊠, called the
tetrahedron algebra. Define the set I = {0, 1, 2, 3}.

Definition (Hartwig, Terwilliger 2007)

Let ⊠ denote the Lie algebra over F that has generators

{xij | i, j ∈ I, i ̸= j}

and the following relations:

(i) For distinct i, j ∈ I,
xij + xji = 0.

(ii) For mutually distinct h, i, j ∈ I,

[xhi, xij ] = 2xhi + 2xij .

(iii) For mutually distinct h, i, j, k ∈ I,

[xhi, [xhi, [xhi, xjk]]] = 4[xhi, xjk].

We call ⊠ the tetrahedron algebra, and xij the standard generators for ⊠.
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An S4-action on ⊠

Consider the symmetric group S4 on the set I = {0, 1, 2, 3}, with generators

ρ = (12)(30), τ = (12), µ = (23)(10), φ = (123).

The group S4 acts on the generators xij of ⊠ by permuting indices:

β(xij) = xβ(i)β(j) (β ∈ S4, i ̸= j ∈ I).

This action induces an injective group homomorphism (Hartwig, Terwilliger
2007):

S4 ↪→ Aut(⊠).
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Relationship between O and ⊠ (Hartwig, Terwilliger 2007)

For mutually distinct h, i, j, k ∈ I, there exists an injective Lie algebra
homomorphism from O to ⊠ that sends

A→ xij , B → xhk.

Call the image of O under this homomorphism an Onsager subalgebra of ⊠.

Let O, O′, O′′ be the subalgebras of ⊠ such that

O = ⟨xij , xhk⟩, O
′ = ⟨xjk, xhi⟩, O

′′ = ⟨xki, xhj⟩.

Each of O, O′, O′′ is isomorphic to O.

The F-vector space ⊠ satisfies

⊠ = O+ O
′ + O

′′ (direct sum)

(Illustration)

h

i j

k
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The three-point sl2 loop algebra L(sl2)
+

Recall

The Lie algebra sl2 over F has a basis e, f, h and Lie brackets

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h.

The Lie algebra sl2 has another basis called the equitable basis x, y, z
(Hartwig, Terwilliger 2007):

x = 2e− h, y = −2f − h, z = h,

with Lie brackets

[x, y] = 2x+ 2y, [y, z] = 2y + 2z, [z, x] = 2z + 2x.

Define
A = F[t, t−1, (t− 1)−1].

There exists a unique F-algebra automorphism ′ of A that sends t to 1− t−1.

Note that
t′ = 1− t−1, t′′ = (1− t)−1, t′′′ = t.
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Definition (Hartwig, Terwilliger 2007)

Let L(sl2)
+ denote the Lie algebra over F consisting of the F-vector space

sl2 ⊗A, ⊗ = ⊗F

and Lie bracket

[u⊗ a, v ⊗ b] = [u, v]⊗ ab, u, v ∈ sl2, a, b ∈ A.

We call L(sl2)
+ the three-point sl2 loop algebra.

Note that the algebra L(sl2)
+ is a right A-module with the action map:

L(sl2)
+ ×A −→ L(sl2)

+, (u⊗ a, b) 7−→ u⊗ ab.

The elements

u⊗ 1, u⊗ tn, u⊗ (t′)n, u⊗ (t′′)n, u ∈ {x, y, z}, n ∈ N+

form a basis for L(sl2)
+.
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Relationship between ⊠ and L(sl2)
+

Lemma (Hartwig, Terwilliger 2007)

There exists a unique Lie algebra isomorphism

σ : ⊠ −→ L(sl2)
+

that sends

x12 7−→ x⊗ 1, x03 7−→ y ⊗ t+ z ⊗ (t− 1),

x23 7−→ y ⊗ 1, x01 7−→ z ⊗ t′ + x⊗ (t′ − 1),

x31 7−→ z ⊗ 1, x02 7−→ x⊗ t′′ + y ⊗ (t′′ − 1),

where x, y, z is the equitable basis for sl2.

We call xσij the standard generators for L(sl2)
+.
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An S4-action on L(sl2)
+ (Elduque, 2007)

Recall the S4-action on ⊠ and the embedding S4 ↪→ Aut(⊠).

Using the Lie algebra isomorphism σ : ⊠ → L(sl2)
+, an S4-action is induced

on L(sl2)
+ as group automorphisms.

For β ∈ S4 and the standard generators xσij in L(sl2)
+,

β(xσij) = xσβ(i)β(j) (i, j ∈ I, i ̸= j).

In other words, the following diagram commutes:

⊠ L(sl2)
+

⊠ L(sl2)
+

σ

β β

σ

(β ∈ S4)
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Actions of ρ and τ on L(sl2)
+

Recall ρ = (12)(30) and τ = (12).

ρ is the automorphism of L(sl2)
+ given by

ρ(u⊗ a) = ρ(u⊗ 1)a

for all u ∈ sl2 and a ∈ A, where

ρ(x⊗ 1) = −x⊗ 1,

ρ(y ⊗ 1) = (x⊗ 1 + z ⊗ (1− t))t−1,

ρ(z ⊗ 1) = (x⊗ 1 + y ⊗ t)(1− t)−1.

τ = τsl2 ⊗ τA is the automorphism of L(sl2)
+ given by

τ(u⊗ a) = τsl2(a)⊗ τA(a)

for all u ∈ sl2 and a ∈ A, where τsl2 is the order 2 automorphism of sl2
given by

τsl2(x) = −x, τsl2(y) = −z, τsl2(z) = −y,

and τA is the order 2 automorphism of A determined by τA(t) = 1− t.
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Actions of µ and φ on L(sl2)
+

Recall µ = (23)(10) and φ = (123).

µ is the automorphism of L(sl2)
+ given by

µ(u⊗ a) = µ(u⊗ 1)a

for all u ∈ sl2 and a ∈ A, where

µ(x⊗ 1) = y ⊗ t+ z ⊗ (t− 1),

µ(y ⊗ 1) = −y ⊗ 1,

µ(z ⊗ 1) = (x⊗ 1 + y ⊗ t)(t− 1)−1.

φ = φsl2 ⊗ φA is the automorphism of L(sl2)
+ given by

φ(u⊗ a) = φsl2(a)⊗ φA(a)

for all u ∈ sl2 and a ∈ A, where φsl2 is the order 3 automorphism of sl2
given by

φsl2(x) = y, φsl2(y) = z, φsl2(z) = x,

and φA is the order 3 automorphism of A determined by φA(t) = 1− t−1.
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Onsager subalgebras of L(sl2)
+

Recall the Onsager Lie algebra O with the standard generators A and B.

By an Onsager subalgebra of L(sl2)
+, we mean the σ-image of an Onsager

subalgebra of ⊠.

For the rest of this talk, we identify O with one of the three Onsager
subalgebras of L(sl2)

+, namely,

O = ⟨A,B⟩ ⊂ L(sl2)
+,

where
A = xσ12 = x⊗ 1, B = xσ03 = y ⊗ t+ z ⊗ (t− 1).
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The subgroup G of S4

Define the subgroup G of S4:

G = ⟨ρ, τ⟩ ≈ Z2 × Z2,

where ρ = (12)(30) and τ = (12).

Lemma

Recall the standard generators A, B of O. Then ρ, τ act on A, B as follows:

ρ(A) = −A, ρ(B) = −B,
τ(A) = A, τ(B) = −B.

Moreover, O is invariant under the G-action.

Remark:

The action of φ = (123) on O was studied (L., 2024).

The action of µ = (23)(10) fixes O and interchanges A and B.
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The xij-like elements in ⊠

Defintion

By an xij-like element in ⊠, we mean an element ξ in ⊠ that satisfies the
following conditions:

[xij , ξ] = 0,

[xhk, [xhk, [xhk, ξ]]] = 4[xhk, ξ],

where h, i, j, k ∈ I are mutually distinct .

Xij : the subset of ⊠ consisting of all xij-like elements in ⊠.

Note that Xij is a subspace of ⊠.

Lemma

For mutually distinct h, i, j, k ∈ I, the vector space ⊠ satisfies

⊠ = Xkh +Xhi +Xij (direct sum).

Proof. Sufficient to show that L(sl2)
+ = Xσ

03 +Xσ
31 +Xσ

12 is a direct sum. ■
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Consider the decomposition:

⊠ = X03 +X31 +X12.

We will use this decomposition to analyze the structure of the Onsager Lie
algebra O and present four decompositions of O.

To this end, we carry out our computations in L(sl2)
+.
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Recall the Onsager subalgebra O = ⟨A,B⟩ of L(sl2)+, where

A = xσ12 = x⊗ 1, B = xσ03 = y ⊗ t+ z ⊗ (t− 1).

Lemma

We have

O = (Xσ
03 ∩O) + (Xσ

31 ∩O) + (Xσ
12 ∩O) (direct sum).

The following (i)–(iii) hold.

(i) Xσ
03 ∩O has a basis {(y ⊗ t+ z ⊗ (t− 1))tn}n∈N.

(ii) Xσ
31 ∩O has a basis {z ⊗ (t− 1)tn}n∈N.

(iii) Xσ
12 ∩O has a basis {x⊗ tn}n∈N.

By the G-action on O, we have

O = Oρ = (Xσ
30 ∩O) + (Xσ

02 ∩O) + (Xσ
21 ∩O),

O = Oτ = (Xσ
03 ∩O) + (Xσ

32 ∩O) + (Xσ
21 ∩O),

O = Oρτ = (Xσ
30 ∩O) + (Xσ

01 ∩O) + (Xσ
12 ∩O).

Each of the three sums above is direct.
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Four direct sum decompositions of O

Corollary

In ⊠, we have

O = (X03 ∩O) + (X31 ∩O) + (X12 ∩O)

= (X30 ∩O) + (X02 ∩O) + (X21 ∩O)

= (X03 ∩O) + (X32 ∩O) + (X21 ∩O)

= (X30 ∩O) + (X01 ∩O) + (X12 ∩O).

Each of the four sums above is direct.

Next goal: For each decomposition, we provide a basis for each summand.
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A basis [0312] for O

Consider the direct sum decomposition of O:

O = (Xσ
03 ∩O) + (Xσ

31 ∩O) + (Xσ
12 ∩O)

= xσ03F[t] + xσ31(t− 1)F[t] + xσ12F[t].

Define the elements A↑↑
i , B

↑↑
i , ψ↑↑

i ∈ L(sl2)
+ as follows.

A↑↑
i := xσ12(t− 1)i, B↑↑

i := xσ03(t− 1)i, ψ↑↑
i := xσ31(t− 1)i (i ≥ 0).

Observe that

A↑↑
0 = xσ12 = A, B↑↑

0 = xσ03 = B, ψ↑↑
0 = xσ31 /∈ O.

Lemma

Subspace U Xσ
03 ∩O Xσ

31 ∩O Xσ
12 ∩O

Basis for U {B↑↑
i }i∈N {ψ↑↑

i+1}i∈N {A↑↑
i }i∈N
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A basis [0312] for O (Cont’d)

Theorem (L. 2025+)

The Onsager Lie algebra O has a basis

A↑↑
i , B↑↑

i , ψ↑↑
i+1, i ∈ N,

where A↑↑
0 = A, B↑↑

0 = B.

The Lie bracket acts on this basis as follows. For i, j ∈ N,

[A↑↑
i , A

↑↑
j ] = 0,

[B↑↑
i , B↑↑

j ] = 0,

[ψ↑↑
i , ψ↑↑

j ] = 0,

[ψ↑↑
i , A↑↑

j ] = 2ψ↑↑
i+j + 2A↑↑

i+j ,

[B↑↑
i , ψ↑↑

j ] = 2B↑↑
i+j + 2ψ↑↑

i+j ,

[A↑↑
i , B

↑↑
j ] = 2A↑↑

i+j + 2B↑↑
i+j − 4ψ↑↑

i+j+1.

We denote this basis by [0312].
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A basis [0312] for O (Cont’d)

By Theorem, the basis [0312] for O is recursively obtained in the following order

A↑↑
0 , B↑↑

0 , ψ↑↑
1 , A↑↑

1 , B↑↑
1 , ψ↑↑

2 , A↑↑
2 , B↑↑

2 , ψ↑↑
3 , . . .

using A↑↑
0 = A, B↑↑

0 = B and the following equations for i ≥ 1:

ψ↑↑
i =

A↑↑
i−1

2
+
B↑↑

i−1

2
−

[A↑↑
i−1, B]

4
,

A↑↑
i =

[ψ↑↑
i , A]

2
− ψ↑↑

i ,

B↑↑
i =

[B,ψ↑↑
i ]

2
− ψ↑↑

i .
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Example: A↑↑
i , B↑↑

i , ψ↑↑
i+1 for 0 ≤ i ≤ 2

Set
A↑↑

0 = A, B↑↑
0 = B.

Then,

ψ↑↑
1 =

A

2
+
B

2
−

1

4
[A,B],

A↑↑
1 = −

A

2
−
B

2
−

1

8
[A, [B,A]],

B↑↑
1 = −

A

2
−
B

2
−

1

8
[B, [A,B]],

ψ↑↑
2 = −

A

2
−
B

2
−

1

8
[B,A]−

1

16
[A, [B,A]]−

1

16
[B, [A,B]]−

1

32
[B, [A, [B,A]]],

A↑↑
2 =

A

2
+
B

2
+

1

8
[A, [B,A]] +

1

16
[B, [A,B]] +

1

64
[A, [B, [A, [B,A]]]],

B↑↑
2 =

A

2
+
B

2
+

1

8
[B, [A,B]] +

1

16
[A, [B,A]] +

1

64
[B, [A, [B, [A,B]]]],

ψ↑↑
3 =

A

2
+
B

2
+

1

16
[B,A] +

3

32
[A, [B,A]] +

3

32
[B, [A,B]] +

1

32
[B, [A, [B,A]]]

+
1

128
[A, [B, [A, [B,A]]]] +

1

128
[B, [A, [B, [A,B]]]] +

1

256
[B, [A, [B, [A, [B,A]]]]].
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A basis [3021] for O

Apply ρ = (12)(03) to A↑↑
i , B↑↑

i , ψ↑↑
i (i ≥ 0):

A↑↑
i = xσ12(t− 1)i A↓↓

i := xσ21(t− 1)i

B↑↑
i = xσ03(t− 1)i

ρ−−−−→ B↓↓
i := xσ30(t− 1)i

ψ↑↑
i = xσ31(t− 1)i ψ↓↓

i := xσ02(t− 1)i

Note that

Subspace U Xσ
30 ∩O Xσ

02 ∩O Xσ
21 ∩O

Basis for U {B↓↓
i }i∈N {ψ↓↓

i+1}i∈N {A↓↓
i }i∈N

The Onsager Lie algebra O has a basis

A↓↓
i , B↓↓

i , ψ↓↓
i+1, i ∈ N,

where A↓↓
0 = −A, B↓↓

0 = −B.

We denote this basis by [3021].
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A basis [0321] for O

Apply τ = (12) to A↑↑
i , B↑↑

i , ψ↑↑
i (i ≥ 0):

A↑↑
i = xσ12(t− 1)i A↓↑

i := xσ21(−t)i

B↑↑
i = xσ03(t− 1)i

τ−−−−→ B↓↑
i := xσ03(−t)i

ψ↑↑
i = xσ31(t− 1)i ψ↓↑

i := xσ32(−t)i

Note that

Subspace U Xσ
03 ∩O Xσ

32 ∩O Xσ
21 ∩O

Basis for U {B↓↑
i }i∈N {ψ↓↑

i+1}i∈N {A↓↑
i }i∈N

The Onsager Lie algebra O has a basis

A↓↑
i , B↓↑

i , ψ↓↑
i+1, i ∈ N,

where A↓↑
0 = −A, B↓↑

0 = B.

We denote this basis by [0321].
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A basis [3012] for O

Apply ρτ = (03) to A↑↑
i , B↑↑

i , ψ↑↑
i (i ≥ 0):

A↑↑
i = xσ12(t− 1)i A↑↓

i := xσ12(−t)i

B↑↑
i = xσ03(t− 1)i

ρτ−−−−−→ B↑↓
i := xσ30(−t)i

ψ↑↑
i = xσ31(t− 1)i ψ↑↓

i := xσ01(−t)i

Note that

Subspace U Xσ
30 ∩O Xσ

01 ∩O Xσ
12 ∩O

Basis for U {B↑↓
i }i∈N {ψ↑↓

i+1}i∈N {A↑↓
i }i∈N

The Onsager Lie algebra O has a basis

A↑↓
i , B↑↓

i , ψ↑↓
i+1, i ∈ N,

where A↑↓
0 = A, B↑↓

0 = −B.

We denote this basis by [0321].
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Table summarizing the four bases

[khij] Xkh ∩O Xhi ∩O Xij ∩O

[0312] {B↑↑
i }i∈N {ψ↑↑

i+1}i∈N {A↑↑
i }i∈N

[3021] {B↓↓
i }i∈N {ψ↓↓

i+1}i∈N {A↓↓
i }i∈N

[0321] {B↓↑
i }i∈N {ψ↓↑

i+1}i∈N {A↓↑
i }i∈N

[3012] {B↑↓
i }i∈N {ψ↑↓

i+1}i∈N {A↑↓
i }i∈N

[khij]: a label that describes the direct sum decomposition of O:

O = (Xkh ∩O) + (Xhi ∩O) + (Xij ∩O).

The four main rows correspond to the four decompositions of O.

For each entry of the table, the vectors displayed form a basis for the
column-index summand in the row-index decomposition.

In each row, the union of the vectors displayed forms a basis for O.
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The action of G on the basis is summarized in the following diagram:

[0312] [3021]

[0321] [3012]

ρ

τ τ

ρ

Moreover, A, B of O are expressed in the following basis elements:

basis [0312] [3021] [0321] [3012]

A A↑↑
0 −A↓↓

0 −A↓↑
0 A↑↓

0

B B↑↑
0 −B↓↓

0 B↓↑
0 −B↑↓

0

Next, we display the transition matrices between each pair of the four bases that
are adjacent in the above diagram.
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Transition matrices between [0312] and [3021]

Recall the bases for O:

[0312] : {A↑↑
i , B↑↑

i , ψ↑↑
i+1}i∈N,

[3021] : {A↓↓
i , B↓↓

i , ψ↓↓
i+1}i∈N

The transition matrix from [0312] to [3021] is given as follows.

A↓↓
i = −A↑↑

i ,

B↓↓
i = −B↑↑

i ,

ψ↓↓
i+1 = −A↑↑

i −B↑↑
i + ψ↑↑

i+1.

Moreover, the transition matrix from [3021] to [0312] is given as follows.

A↑↑
i = −A↓↓

i ,

B↑↑
i = −B↓↓

i ,

ψ↑↑
i+1 = −A↓↓

i −B↓↓
i + ψ↓↓

i+1.
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Transition matrices between [0321] and [3012]

Recall the bases for O:

[0321] : {A↓↑
i , B↓↑

i , ψ↓↑
i+1}i∈N,

[3012] : {A↑↓
i , B↑↓

i , ψ↑↓
i+1}i∈N

The transition matrix from [0321] to [3012] is given as follows.

A↑↓
i = −A↓↑

i ,

B↑↓
i = −B↓↑

i ,

ψ↑↓
i+1 = −A↓↑

i −B↓↑
i + ψ↓↑

i+1.

Moreover, the transition matrix from [3012] to [0321] is given as follows.

A↓↑
i = −A↑↓

i ,

B↓↑
i = −B↑↓

i ,

ψ↓↑
i+1 = −A↑↓

i −B↑↓
i + ψ↑↓

i+1.
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Transition matrices between [0312] and [0321]

The transition matrix from [0312] to [0321] is given as follows.

A↓↑
i = (−1)i+1

i∑
j=0

(i
j

)
A↑↑

j ,

B↓↑
i = (−1)i

i∑
j=0

(i
j

)
B↑↑

j ,

ψ↓↑
i+1 = (−1)i

i∑
j=0

(i
j

)
B↑↑

j + (−1)i+1
i∑

j=0

(i
j

)
ψ↑↑
j+1 (i ∈ N).

Moreover, the transition matrix from [0321] to [0312] is given as follows.

A↑↑
i = (−1)i+1

i∑
j=0

(i
j

)
A↓↑

j ,

B↑↑
i = (−1)i

i∑
j=0

(i
j

)
B↓↑

j ,

ψ↑↑
i+1 = (−1)i

i∑
j=0

(i
j

)
B↓↑

j + (−1)i+1
i∑

j=0

(i
j

)
ψ↓↑
j+1 (i ∈ N).
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Transition matrices between [3021] and [3012]

The transition matrix from [3021] to [3012] is given as follows.

A↑↓
i = (−1)i+1

i∑
j=0

(i
j

)
A↓↓

j ,

B↑↓
i = (−1)i

i∑
j=0

(i
j

)
B↓↓

j ,

ψ↑↓
i+1 = (−1)i

i∑
j=0

(i
j

)
B↓↓

j + (−1)i+1
i∑

j=0

(i
j

)
ψ↓↓
j+1 (i ∈ N).

Moreover, the transition matrix from [3012] to [3021] is given as follows.

A↓↓
i = (−1)i+1

i∑
j=0

(i
j

)
A↑↓

j ,

B↓↓
i = (−1)i

i∑
j=0

(i
j

)
B↑↓

j ,

ψ↓↓
i+1 = (−1)i

i∑
j=0

(i
j

)
B↑↓

j + (−1)i+1
i∑

j=0

(i
j

)
ψ↑↓
j+1 (i ∈ N).
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Summary

We reviewed the definitions of the Onsager Lie algebra O, the tetrahedron
algebra ⊠, and the three-point sl2 loop algebra L(sl2)

+.

We showed that the vector space ⊠ decomposes into a direct sum of three
subspaces, each consisting of xij-like, xjk-like, and xkh-like elements.

We obtained four direct sum decompositions of O, each with three
summands.

We examined the action of G(≈ Z2 × Z2) on these decompositions and
provided a basis for each summand.

Moreover, we described the Lie bracket action on these bases and showed
how they are recursively constructed from the standard generators A,B of
O.

Finally we showed the action of G on these four bases and displayed some
transition matrices among the bases.

Thank you for your attention.
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Happy 70th Birthday, Professor Paul Terwilliger!

Celebrating a lifetime of inspiration,
mathematical excellence, and lasting impact.

Jae-Ho Lee (UNF) Four bases for the Onsager Lie algebra June 26, 2025 32 / 32


