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The Onsager Lie algebra

Let IF denote a field of characteristic zero.

Definition (Onsager 1944, Perk 1987)

Let O denote the Lie algebra over F with generators A, B and relations

[Av [A7 [Av B]” = 4[A7 B]7 (1)
[37 [B7 [B’A]” = 4[B7 A]' (2)

We call O the Onsager Lie algebra. We call A, B the standard generators for O.

The relations (1), (2) are called the Dolan-Grady relations.

Jae-Ho Lee (UNF) Four bases for the Onsager Lie algebra June 26, 2025 2/32



The tetrahedron algebra

The Onsager Lie algebra O is closely related to a Lie algebra X, called the
tetrahedron algebra. Define the set I = {0, 1, 2, 3}.

Definition (Hartwig, Terwilliger 2007)

Let X denote the Lie algebra over I that has generators
{zij 14,5 €L, i#j}
and the following relations:

(i) For distinct 7,5 €1,
zi; + x5 = 0.

(if) For mutually distinct h,3,j € I,
[ﬂchi,mij} = 2xp; + 2xi5.
(iii) For mutually distinct h,i,7,k € I,

[xhi, [whi, [xhi7$jk”] = 4[Ihiawjk]‘

We call X the tetrahedron algebra, and z;; the standard generators for X.
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An Sy-action on X

o Consider the symmetric group Su on the set I = {0,1, 2,3}, with generators
p=(12)(30), 7=(12), p=(23)(10), ¢=(123).
@ The group S4 acts on the generators x;; of X by permuting indices:

B(xi;) = zawyp) (B € Ss, i#j €.

@ This action induces an injective group homomorphism (Hartwig, Terwilliger
2007):
S4 — Aut(X).
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Relationship between O and X (Hartwig, Terwilliger 2007)

o For mutually distinct h, i, 7, k € I, there exists an injective Lie algebra
homomorphism from O to X that sends

A — x5, B — zhk.
o Call the image of O under this homomorphism an Onsager subalgebra of X.
o Let O, O, O” be the subalgebras of X such that
0= (zij,ane), O = (zjm,ani), O = (Tni, Tny)-
Each of O, ©’, O” is isomorphic to O.
@ The FF-vector space X satisfies
X=0+0"+0" (direct sum)

(Mustration)
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The three-point sly loop algebra L(slz)™

Recall
@ The Lie algebra sl over F has a basis e, f, h and Lie brackets
[h,e]:2€, [hvf]:_2f7 [€7f]:h

@ The Lie algebra sly has another basis called the equitable basis z,y, z
(Hartwig, Terwilliger 2007):

r = 2e — h, y=—2f—h, z=h,
with Lie brackets
[z,y] = 2z + 2y, [y, z] =2y + 2z, [z,2] = 2z + 2.

@ Define
A=TFtt 't —1)"".
o There exists a unique F-algebra automorphism 7 of A that sends ¢t to 1 —¢*.

o Note that
t=1-¢t" t"=@a-t"" "=t
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Definition (Hartwig, Terwilliger 2007)

Let L(sl2)" denote the Lie algebra over I consisting of the F-vector space
slo ® A, ® = ®r
and Lie bracket

[u® a,v®0b] = [u,v] ® abd, u,v € sla, a,be A

We call L(sl2)™ the three-point s> loop algebra.

o Note that the algebra L(sl2)" is a right A-module with the action map:
L(sl)t x A — L(sl)™, (u®a,b) — u® ab.
@ The elements
v®l, uweth, ue ()", ux (t')", uwe{zr,y,z}, neNt

form a basis for L(sl2)™.
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Relationship between X and L(sly)™

Lemma (Hartwig, Terwilliger 2007)

There exists a unique Lie algebra isomorphism

o: X — L(sly)t
that sends
T2 — x®1, Toz — YRt+z@ (t—1),
T3 — yo®IL, o1 — 2@t +zQ(t —1),
r31 — 2®1, xo2 — xRt +ye ' —1),

where x, y, z is the equitable basis for sls.

We call zf; the standard generators for L(slz)".
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An Sy-action on L(slz)™ (Elduque, 2007)

o Recall the Sy-action on X and the embedding Sy — Aut(X).

e Using the Lie algebra isomorphism o : X — L(sl2)*, an Ss-action is induced

on L(sl2)" as group automorphisms.

e For 3 € Sy and the standard generators z¥; in L(sl2)™,
B(x7;) = Thys() (4,7 €L, i#j).
In other words, the following diagram commutes:

K —2 > L(sl)"

5l lﬁ (B € Sa)
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Actions of p and 7 on L(sly)™

Recall p = (12)(30) and 7 = (12).
@ p is the automorphism of L(sl2)* given by
p(u®a) = plu 1)a
for all u € slz and a € A, where

pr®el)=—-®1,
ply@1) =(z@1+20(1-1)t ",
pz@1)=z@1+yat)(1-1t)""

® T = Tor, ® T is the automorphism of L(sla)™ given by

T(u® a) = Te1, (a) @ T4(a)

for all u € sl and a € A, where 75, is the order 2 automorphism of sl
given by

Tsip (2) = —x, Tstp (y) = —2, Taty (2) = —v,

and 74 is the order 2 automorphism of A determined by 74(t) =1 —¢.
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Actions of p and ¢ on L(slz)™

Recall © = (23)(10) and ¢ = (123).
o 1 is the automorphism of L(sl2)" given by
plu®a) =p(u®l)a
for all u € sl and a € A, where

przel)=yet+20 (t—1),

wy®l)=-y®l,

pze) =@z 1l+yet)(t—1)""
® © = P51, ® pa is the automorphism of L(slz)™ given by

p(u®a) = ps,(a) @ pala)

for all u € slz and a € A, where @51, is the order 3 automorphism of sl
given by
Psla (iE) =Y, Psly (y) =z, Psly (Z) =,

and @4 is the order 3 automorphism of A determined by p4(t) =1 — L.
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Onsager subalgebras of L(sly)™

@ Recall the Onsager Lie algebra O with the standard generators A and B.

o By an Onsager subalgebra of L(sls)", we mean the o-image of an Onsager
subalgebra of X.

o For the rest of this talk, we identify O with one of the three Onsager
subalgebras of L(sl2)*, namely,
O = (A,B) C L(sk)™,

where
A=zl =21, B=z33=y®t+2z®(t—1).
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The subgroup G of Sy

Define the subgroup G of Su:
G = <p,7'> ~ Lo XZQ,

where p = (12)(30) and 7 = (12).

Recall the standard generators A, B of O. Then p, 7 act on A, B as follows:

Moreover, O is invariant under the G-action.

Remark:
@ The action of ¢ = (123) on O was studied (L., 2024).
@ The action of = (23)(10) fixes O and interchanges A and B.
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The z;;-like elements in X

By an x;;-like element in X, we mean an element £ in X that satisfies the
following conditions:

[xiﬁ ’E] =0,

[ThE, [Tk, [The, E]]] = 42nk, &,

where h, i, j, k € 1 are mutually distinct .

o Xj;;: the subset of X consisting of all z;;-like elements in K.

o Note that Xj; is a subspace of X.

For mutually distinct h, %, j, k € I, the vector space X satisfies

X = th + Xhi + Xij (direct sum).

Proof. Sufficient to show that L(sl2)™ = X§3 + X$; + X7, is a direct sum. W
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Consider the decomposition:

X = Xoz + X31 + Xio.

We will use this decomposition to analyze the structure of the Onsager Lie
algebra O and present four decompositions of O.

To this end, we carry out our computations in L(sl2)*.
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Recall the Onsager subalgebra O = (A, B) of L(sl2)", where

A=27,=2®1, B=z33=y®t+2Q (t—1).

We have

0= (XpNO)+ (X35:N0O)+ (X7, NO) (direct sum).
The following (i)—(iii) hold.
(i) XG3NO has a basis {(y®@t+ 2@ (t —1))t" }nen.
(i) X351 N O has a basis {z ® (t — 1)t" }nen.
(iii) X75 N O has a basis {z @ t" }nen.

By the G-action on O, we have

0=0"=(X5,N0)+ (X52NO)+ (X3:NO),
0=0" = (X3 N0)+ (X5 N0) + (X5, NO),
0=0" =(X5N0)+ (X5 N0) + (X7 NO).

Each of the three sums above is direct.
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Four direct sum decompositions of O

In X, we have

O = (Xo3NO)+ (X31N0)+ (X12NO)
= (X30N0)+ (Xo2NO) + (X210 NO)
= (X03NO)+ (X32N0) + (X21NO)
= (X30N0)+ (X1 NO) + (X12N0).

Each of the four sums above is direct.

Next goal: For each decomposition, we provide a basis for each summand.
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A basis [0312] for O

Consider the direct sum decomposition of O:

O = (X(C)Tg N O) + (Xgl N O) + (ng N O)
= xg3F[t] + 23, (t — DF[t] + z7.F[t].

Define the elements A", BT 4! € L(sly) " as follows.
AN i=af(t— 1), BT :=aft-1)", o =a250-1)" (i>0).

Observe that

AET =17, = A, BgT =203 = B, d}gT =15 ¢ 0.

Subspace U | X N0  X$ N0 X%HNO

Basis for U | {B["hien {9l }ien  {A] }ien
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A basis [0312] for O (Cont'd)

Theorem (L. 2025+)
The Onsager Lie algebra O has a basis

A, B, oy, i€N,
where A" = A, B]" = B.
The Lie bracket acts on this basis as follows. For i,j € N,
(AT, AT =0
51, B] =0
it 9l =0,
[WIT, Al = 2901, + 2417,
(B",vI" =2B[], + 291,
[AzTTv BJTT] = Alij + ZB:I] - 4w1+3+1

We denote this basis by [0312].
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A basis [0312] for O (Cont'd)

By Theorem, the basis [0312] for O is recursively obtained in the following order
A B el Al BT el Al BT el
using AgT =A, BgT = B and the following equations for i > 1:
™ o ™
'l/JTT — Ai—l + Bi—l _ [Ai—17B]
‘ 2 2 4 ’

AT Wi Al "
2 2 (2

B,
=By
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Example:

AT BT, 9!t for 0<i <2

Al = A, BI' = B.
A B 1
5+5_Z[A7BL
A B 1
_5_5_§[A7 [B,A]],
A B 1
757575[37 [ArBHv
- ,2 - g - 7[3 A - [A,[B,A]] - i[B (A, B]] - i[B [4, B, Alll,
AL B, ém, B Ay f B AB) + (4,15, 1A, (B, )],
zg f ;[B A, Bl + < [A [B. Al + o [B (4, (B, [A, B]]I],
ng f +L[B A+ = [A (B, A]] + [B [A, B]l + [B [A,[B, A]]]
1
+ 55 A 1B (AL [B AN+ oo [B (A [B,[A,B]]]]Jrﬁ[B,[A, (B[4, [B, AJllll-
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A basis [3021] for O

Apply p = (12)(03) to Al", B, 9[" (i > 0):

AT =27, (t — 1) A =gt — 1)
B = 28,(t — 1) - BY =gt — 1)
Pt =z (t —1)° Pt = xgy(t — 1)

Note that
Subspace U | X§,n0  X{NO  X§N0
Basis for U ‘ {B"View  {dffihien  {A7 }ien

The Onsager Lie algebra O has a basis
A BE, g, i €N,

where AfY = —A, Bj* = —B.

We denote this basis by [3021].

June 26, 2025
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A basis [0321] for O

Apply 7 = (12) to AT, BIT, I (i > 0):

AT = 29,(t —1)° A =23 (—t)°
Bl = ag,(t — 1) — BT = afs(—t)
It = 2g, (¢ — 1) = agy(—t)

Note that
Subspace U | XN 0 XHN0  X§N0
Basis for U ‘ {B Ve {il hien  {A }ien

The Onsager Lie algebra O has a basis
AV B g, i €N,

where AjT = —A, B{' = B.

We denote this basis by [0321].
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A basis [3012] for O

Apply pr = (03) to ATT, BT, 41" (i > 0):

AT = 29,(t — 1) AN = 29, (—t)?
BT = x85(t — 1)° SELANEEN Bl-N = 2y (—t)"
wiﬁ =a%(t— 1) wiﬂ =gy (—t)

Note that
Subspace U | Xf,n0  X§{ N0 X{no
Basis for U ‘ {Bl'Venw  {o]fihien  {A'}ien

The Onsager Lie algebra O has a basis

AT, B Vi, ieN,

where AV = A, Bl* = —B.

We denote this basis by [0321].
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Table summarizing the four bases

[khij] | XknNO  XniNO  Xi5NO
0312] | {B]"}ien  {¥l] bien  {Al"}ien
[3021] | {BFhien {w}ihien  {AM}ien
[0321] | {B"}ien {¥il}ien {A }ien
3012] | {BM*}ien {¥fhlien  {AMlien

[khij]: a label that describes the direct sum decomposition of O:

O = (th n O) + (X;”- n O) + (Xi]' N O).

The four main rows correspond to the four decompositions of O.

For each entry of the table, the vectors displayed form a basis for the
column-index summand in the row-index decomposition.

In each row, the union of the vectors displayed forms a basis for O.
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The action of GG on the basis is summarized in the following diagram:

[0312] <2 [3021]

1

[0321] «—— [3012]

Moreover, A, B of O are expressed in the following basis elements:

basis || [0312] [3021] [0321] 3012
ATT _A$¢ _A$¢ AgJ’
BTT _B(l)«i BE)LT _Bg¢

Next, we display the transition matrices between each pair of the four bases that
are adjacent in the above diagram.
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Transition matrices between [0312] and [3021]

Recall the bases for O:
312] - {A]", BI", @l }en,
[3021] : {AZ.L”L’ szi7 wiiil}iEN
The transition matrix from [0312] to [3021] is given as follows.
A=A
BH = -BIT,
1/%%1 = _Azﬁ - BJT + 1/’:11

Moreover, the transition matrix from [3021] to [0312] is given as follows.

AzTT _ _Aila
B;TT _ _Biw,

O b L L
wiJrl - _Az - Bz + ¢i+1-
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Transition matrices between [0321] and [3012]

Recall the bases for O:
321] - {A7", BT, ol b,
[3012] : {Azia BiTi7 wjil}iEN
The transition matrix from [0321] to [3012] is given as follows.
AT — Al
BV = B,
1/’;ri1 = _Ai” - B;LT + wﬂl

Moreover, the transition matrix from [3012] to [0321] is given as follows.

A%T _ _AZTL’
Bii’r _ _B;N7

o e T T
wiJrl - _Az - Bz + ¢i+1-
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Transition matrices between [0312] and [0321]

The transition matrix from [0312] to [0321] is given as follows.
P
W it+1 B\ g1
j=0

B =0y ()8
7=0
i

il =1y (;)B]TT + (—1)it? ]Zi% (;)%TL (i €N).

J=0

Moreover, the transition matrix from [0321] to [0312] is given as follows.
AIT — (71)i+1 7’ AJ./T7
> ()
i
BI' ==y (V)BT
2 ()m

W= 'Y () + (o 5> (et (i),
=0

7=0
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Transition matrices between [3021] and [3012]

The transition matrix from [3021] to [3012] is given as follows.
P
N it+1 Uy 4
j=0

Bl = 1Y ()m
j=0
i

vlh = 0 () B + -y Z:a ()utts (G en).

J=0

Moreover, the transition matrix from [3012] to [3021] is given as follows.
Al_ii — (71)i+1 7’ AT{
> ()
i
Bt =1y (4Bl
=)z

Pt = (-1) Z (;)B]u + (=1)it? E (;)%Til (i €N).
j=0

7=0
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Summary

@ We reviewed the definitions of the Onsager Lie algebra O, the tetrahedron
algebra X, and the three-point slz loop algebra L(sl2)™.

@ We showed that the vector space Xl decomposes into a direct sum of three
subspaces, each consisting of x;;-like, x;i-like, and xyp-like elements.

@ We obtained four direct sum decompositions of O, each with three
summands.

@ We examined the action of G(& Z2 X Z2) on these decompositions and
provided a basis for each summand.

@ Moreover, we described the Lie bracket action on these bases and showed
how they are recursively constructed from the standard generators A, B of
0.

o Finally we showed the action of G on these four bases and displayed some
transition matrices among the bases.

Thank you for your attention.
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Happy 70th Birthday, Professor Paul Terwilliger!

Celebrating a lifetime of inspiration,
mathematical excellence, and lasting impact.
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