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Motivation

P- and Q-polynomial association schemes:

Ai = vi(A1)

[ X|E;i = vi'(|X|Er)
Recurrence relation:
Oxvi(0x) = bi—1vi-1(0x) + ajvi(0x) + ciy1vir1(0x)
Difference equation:
07 vi(0x) = cvi(Ox—1) + afvi(0x) + bivi(0x+1)

Leonard’s theorem: these polynomials are finite families of the (g-)Askey

scheme or Bannai-Ito polynomials.
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Leonard pairs: polynomials arise as coefficients of change of basis.
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Leonard pairs: polynomials arise as coefficients of change of basis.

Askey—Wilson algebra: encodes bispectrality of polynomials.
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Multivariate generalizations

@ Several multivariate generalizations of the polynomials of the
(g-)Askey scheme.

@ Higher rank algebras (Bannai-Ito, Racah, Askey—Wilson).
@ Higher rank Leonard pairs.
lliev, Terwilliger
@ Bivariate P- and/or Q-polynomial association schemes.
Bernard, Crampé, Poulain d'Andecy, Vinet, Zaimi

e Multivariate P- and/or Q-polynomial association schemes.
Bannai, Kurihara, Zhao, Zhu

@ Multivariate distance-regular graphs.
Bernard, Crampé, Vinet, Zaimi, Zhang

o Factorized Ax-Leonard pairs.

Crampé, Zaimi

5/23



Some examples

6/23



Some examples

1. Direct product.

6/23



Some examples

1. Direct product.

vii(x,y) = vi(x)¥(y).

6/23



Some examples
1. Direct product.
vij(x,y) = vi(x)Vi(y).

Two recurrence relations with three terms each:

Oxvij(Bx, 0y) = prj Vie1(0x, 0y) + p1ivig(0x, 8y) + PL Hvie1 j(0x. 6y),
Oy vij(0x, B,) = P17 Vi j1(0x, 0y) + BL;vig (0, Oy) + B vijra(Ox, By).
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Some examples

1. Direct product.

vii(x,y) = vi(x)¥(y).

Two recurrence relations with three terms each:

Oxvij(Ox, éy) = pQTIVi—l,j(QXa éy) + Pi;Vij(Hx, éy) + Pﬁrlvi—irl,j(em
5yvU(9X, éy) = ﬁjlj_lv,"j_l(ex, éy) + ﬁ{jvij(ﬁx, éy) + ﬁ’l}le,-JH(é?X, éy)

Similarly for the difference equations.

[ G

y);

6/23



2. Association schemes based on attenuated spaces A,(n, ¢, N)
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2. Association schemes based on attenuated spaces A,(n, ¢, N)

Eigenvalues are:
g, q, gttt
q, q) 3¢2< g, g-Nx q,q

N — g7, 0
Tij(x,y) o { X } 3¢2<q q
ql IL 1
Eigenvalues are:
- 1 . '7 - ) + - - 1
r >3F2( J Yy, X y n

3. Non-binary Johnson schemes J,(n, N)

J q=t, q=Nt
affine g-Krawtchouk dual g-Hahn
N —x —i, =X
Ti(x,y) . F: T 1
i(x.7) ( J )21<—N—|—_j r—2 —n+ N, =N + x )
' Krawtchouk i dual Hahn !
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2. Association schemes based on attenuated spaces A,(n, ¢, N)
Eigenvalues are:
q, q)

N — x g7, 0
TU(XJ’)O({ : } 3¢2<q_z "
g a "t q

g/, q7, gt
9, q) 3¢2 < —n+N —N+x
J gV, q

L IL
affine g-Krawtchouk dual g-Hahn

3. Non-binary Johnson schemes J,(n, N)

Eigenvalues are:
N — x —i, —x | r—1 —j, =y, x+y—n—1
Ti(x, . F; . F.
J(Xy)m( j )2 1<—N—|—_j r—2>3 2( —n+N, =N +x
' Krawtchouk I dual Hahn

)

==

~ - — — —
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Two finite families of polynomials {R:(x; p)} ¥, and {R;(y; r)}j’\io,
with respective sets of parameters p and r.

Tij(x, ) = vj(x) Ri(x: p) Rj(yir«) = vj(x) Ri(x; pj) Sy(i ox).
Bispectrality of R;i(x; p):

Ap Ri(xi p) = Aip Riv1(x; p) — (Aip + Cip) Ri(x; p) + Cip Rica(x; p),
pip Ri(x; p) = Bxp Ri(x +1; p) = (Bx,p + Dx,p) Ri(x; p) + Dxp Ri(x —1; p),

Bispectrality of S, (j; o):

o Sy(j? o) = "4)/»0' 5y+1(j? o) - (-Ay,ﬂ + Cy,cr) Sy(.j? o)+ Cyo Sy—l(j? o),
my.o Sy(i o) = Bjo S+ 1,0) = (Bj,o + Djo) S,(io) + Djo S, — 1;0).
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First recurrence relation

Tij(x,y) = vj(x) Ri(x; pj) Sy(iox)

From the recurrence relation of Ri(x; pj),

Apj Tij(%,¥) = Ay Tisrj(x,¥) = (Aip; + Cip;) Tij(x,¥) + Cip; Tic1j(x,y) -

In order for this to be considered as a recurrence relation for Tj;(x,y),

— . / —
)\erj - T/ap >\X7p + Tj,p’ p - po

We get a first recurrence relation for T; j(x, y) with 3 terms.
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First (g-)difference equation
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First (g-)difference equation

Tij(x,y) = vj(x) Ri(x; pj) Sy(iox)

From the recurrence relation of S, (j; o),
bow Tij(x,¥) = Ayo. Tij(x,y + 1) = (Ayox + Cyox) Tij (%, ) + Cyox Tij(x,y — 1)

Similarly, we take
‘gj,o'x = tx,o'gj,a + t;p-a g = 0y,

and we get a first (g-)difference equation for T;;(x,y) with 3 terms.
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Second recurrence relation
We want:

Wy TijCoy) = Y 90 Tiejre(xy).
(e,€")ES

o SAz = {(07 O)’ (07 1)’ (07 _1)7 (17 O)’ (_1’ 0)7 (_17 1)7 (17 _1)}'
o SB2 =

{(0? O)a (07 1)7 (07 _1)7 (1? O)a (_17 0)7 (_1> 1)a (17 _1)7 (17 1)7 (_17 _1)}'
° SBé =

{(07 0)7 (07 1)7 (07 _1)7 (17 0)7 (_17 0)7 (_17 1)7 (27 _1)7 (17 _1)7 (_27 1)}

A> B, Bé
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We consider
Wva = kay(my7a'X + k)’(,y)'
From the (g-)difference equation of S, (j; ox),

We,y Tij(%,y) = keyvi(X)Ri(x; pj)
% (Bj’axs}/(j +1iox) - (Bj:f"x +Djo. — k)/<,y) Sy(j; o) + Dj o, Sy(j -1 0')()).
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We consider

Wx,y

= key(My,o + k)

From the (g-)difference equation of S, (j; ox),

We,y Tij(%,y) = keyvi(X)Ri(x; pj)
X (Bj,aXSy(j +1,04) = (Bjo, + Djior, —

We need:
vj(x)
ky.y—"Bj o, Ri(x;
) i )
_kX7y(Bj7°’X + D.iyo'x - k>/<,y X pJ
kx 1) —— < Djo Ri(x; pj)

X,y _1(X)

k.,) Sy(iox) + Djo, Sy — 1; ax)).

Zd) Rite(x: pj41)
Z ¢ Rite(x; pj) s

e=0,1,—1

Zcb Rite(xi pj-1) .
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We need:
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ky.y—"Bj o, Ri(x;
) i )
_kX7y(Bj7°’X + D.iyo'x - k>/<,y X pJ
kx 1) —— < Djo Ri(x; pj)

X,y _1(X)

Can see that k,, = k. and k)’gy =k’.

k.,) Sy(iox) + Djo, Sy — 1; ax)).

Zd) Rite(x: pj41)
Z ¢ Rite(x; pj) s
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Second (g-)difference equation

We want

wij Tij(x,y) = Z \U“ Tij(x+€,y+e),
(e,€")eS’

with an eigenvalue

wij = Kj,i(tip; + K 7)-

13/23



Second (g-)difference equation

We want
wij Tij(x,y) = Z ‘vai Tij(x+€,y+e),
(e,e’)ES’

with an eigenvalue

wij = Kj,i(tip; + K 7)-

Note that S’ can be of different type than S.
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From the (g-)difference relation of R;(x; p;),

wij Tij(x,y) = Kj,ivj(x)S,(s; ox)

% (Bepy Rilx +19)) = (Bupy + Dapy = K1) Rilx: ;) + Dy Ri(x = 1i ).
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From the (g-)difference relation of R;(x; p;),

wij Tij(x,y) = kjivj(x)Sy(s; 0x)

X (Bm Ri(x + 1; ;) — (Be, + Dupy — K1) Ri(x: pj) + D py Ri(x — 1 pj)).

We need:
VJ(X) .. 6,1 .
'.78)( S I x) — \U7X5 GJIO-X 1)7
KJ’IVJ'(X—I—].) P y (i ox) 26: y, y el +
—£,i(Bx.p; + Dx,p; — Kj, K,))Sy Ui ox) = Z \U xSy+elji ox)
e=0,%+1
V'(X) . _ €,—1 .
Klj”’ VJ(;l( — 71) DX7Pij(./r o-X) - ; wy,x Sere(J« o’X*l) .
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From the (g-)difference relation of R;(x; p;),

wij Tij(x,y) = Kj,ivj(x)S,(s; ox)

% (Bepy Rilx +19)) = (Bupy + Dapy = K1) Rilx: ;) + Dy Ri(x = 1i ).

We need:
VJ(X) . 1 "
’ij,imeyijy(J: ox) = Zﬁ: VoS Syrelii ox+1) 5
—£,i(Bx.p; + Dx,p; — _]I)S Jiox) = Z \U xSy+elji ox)
e=0,%+1
VJ(X) i _ €,—1 i
Klj”’ VJ(X — 1) DX7Pij(./r o-X) - ; wy,x Sere(J« o’X*l) .

e o
Can see that xj; = x; and K} = Kj.
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Contiguity relations

Work with N. Crampé, L. Morey and L. Vinet.

Classify solutions of equations of the form

Moo Rilxip) =Y ®7" Rir(x:p),
€S
Aep Ri(X:p) = Z O Riye(x; p).
—ee/
X=Xx+1n1n€ {0a+17_1}'
p is a set of modified parameters,
& is one of: {0,—1}, {0,—1,1} or {0,—1,—2},
N is chosen among {N,N+1,N —1,N —2 N +2}.
We require A\, , = (x5 — €.

Related to Christoffel and Geronimus transformations.

Some previous work done by R. Oste and J. Van der Jeugt (2016).
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Type A,

Xip = Ai—1,pCip, Yip:=—(Aip+ Cip)

The constraints (€4,) are defined by the requirement that the following
expressions

2iCYip— Yip — & I Xk.p

)
Xi+1ap - C2X’.7ﬁ k=1 Xk:p

2 Xitlp = 0 Xit1p L Xk
(CYip = Yitrp = ) Xiv1p ;o Xiep |

are equal and independent of / for any / > 0.
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Proposition
The polynomials R;(x; p) chosen such that A, , = (Axp — & satisfy the
contiguity relation of type As

MoRilxip) = 9P Ri(xip) + &, VTR 1 (%B), >0,

(with the convention ®; " = 0 and with ®'" # 0), if and only if the
coefficients are given by (up to a global normalization)

A, =1,
Axp
(DO aF C’ H P i Z 0’
k—0 Ao’
i—1
(D_L-‘r C—I-i-l <1 _ CA07ﬁ + §> I Ck+1,P i>1
Aop ) Crp -

and the constraints (€4,) are satisfied.
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Proposition

The polynomials R;(x; p) chosen such that A\, , = (Axp — & satisfy the
contiguity relation of type A

Ao pRi(%iP) = ®7 " Risa(xi p) + O) 7 Ri(x;p), >0,

(with <D8’_ # 0) if and only if the coefficients are given by (up to a global
normalization)

_ Ax

Aep = (Aop — CAop — €) <Ap + 1> + Cip,

0,p
_ T A .

& = (Aop — CAop — €)C H # ) i >0,
k=1 "k=1,p

o0 =¢iC C“’ i >

- C 1,p H [ 0,

7

and the constraints (€4, ) are satisfied.
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g-Racah case

i+1 N

—i

, a9, g7, vg* T

R'(qR) X;p:a757’77l\l7q :4¢3 9
i ) aq, Byq, g N
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g-Racah case

i+1 N

—i

, a9, g7, vg* T

R'(qR) X;p:a757’77l\l7q :4¢3 9
i ) aq, Byq, g N

X =Xx+mn.
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g-Racah case

R g’ aBqg ™, g, v N
RI'(q )(X;p:aaﬁ/.% Naq) :4¢3 _N q;q | .
aq, $vq, q
X =Xx+mn.
Type A3 solutions:
(l)?’]: , a=a, B:q/Ba 7:’7/q, N:N—l, Y:qx
n=0, a=a, B=q8, 7 of
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g-Racah case

—i i+1 —X x—N
R ;aBq'™, g7, g
RI'(q )(X;p:a7ﬁ777N7q):4¢3 (q

aq, Bvq, g N
X =Xx+mn.
Type A3 solutions:
(I)T]: ’ aza? B:qﬁa WZ’Y/CI, N:N—l, Y:qx
(I n=0, a=a, B=q8, =7, N=N, ¢~=g5
(I n=-1, a=qa, f=8, 7=qy, N=N-1, g*=g¢"!
(|V)77: , a=gqga, ﬁ:ﬁj =", /\/:N7 qX:qX

All solutions of type By or B} are obtained from the solutions of type Ao.
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g-Racah case

—i i+1 —X x—N
R ) O[ﬂ y )
Ri(q )(X;p:a7ﬁ777N7q):4¢3 (q q 9 q

aq, Bvq, g N
X =Xx+mn.
Type A3 solutions:
(I)T]: ’ aza? B:qﬁa WZ’Y/CI, N:N—l, Y:qx
(”)7]:07 a=q«o, /B:qﬁj 7:77 N:I\/7 q :qx.
(I n=-1, a=qa, f=8, 7=qy, N=N-1, g*=g¢"!
(V) n=0, a=qa, =8, y=v, N=N, g“=g*

All solutions of type By or B} are obtained from the solutions of type Ao.
Similar results for other families of (g-)Askey scheme.
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g-Racah case

—i i+1 —X x—N
R ) Oéﬂ y )
Ri(q )(X;p:a7ﬁ777N7q):4¢3 (q ; 9 7q

aq, Bvq, g N
X =Xx+mn.
Type A3 solutions:
(I)T]: ’ aza? B:qﬁa WZ’Y/CI, N:N—l, Y:qx
(”)7]:07 a=q«o, /B:qﬁj 7:77 N:I\/7 q :qx.
(I n=-1, a=qa, f=8, 7=qy, N=N-1, g*=g¢"!
(V) n=0, a=qa, =8, y=v, N=N, g“=g*

All solutions of type By or B} are obtained from the solutions of type Ao.
Similar results for other families of (g-)Askey scheme.

Bannai-Ito: no type A; relations, unless we consider “complementary” Bl.
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Back to Tratnik functions

P Q)
Tij(x.y) = vi(x) RO (i o) REVGier).
(P, Q) is a pair of families of polynomials in the (g-)Askey scheme.
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Back to Tratnik functions

Tii(xy) = vi(x) R0 p)) RV Gio)
(P, Q) is a pair of families of polynomials in the (g-)Askey scheme.
Search for solutions to:

v (x) P
- kX(Bj,Ux +Djo, — k>/<) = QjAxp T Qsj
vjt1(x)

b vj(x) Dirtae = 0j A,

vj(x) +p+
RISV - S S
1) 08 T X e
— HJ'(Bxypj + Dx.p; — Hj) = filj o+ 1,
‘Vj(x+ 1)

Dyi1p = 07
Gy Dt =R

X 7J,0x
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Preliminary results: Ay/A, Tratnik functions (polynomials)

Triangular domains (¢ = 1)
i+j<Nand x+y < N:

b= N,)j R (x;a, 8+, N —j)Rj(dH)(y: a,b+x,N —x)

Tij(x,y) = W
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Preliminary results: Ay/A, Tratnik functions (polynomials)

Triangular domains (¢ = 1)
i+j<Nand x+y < N:

i) = S

e Limits (H) — (K) and (dH) — (K).

_)j R (xi 0, 47, N = R (y1a,b+x, N - x)
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Triangular domains (¢ = 1)
i+j<Nand x+y < N:

= N)j Ry o pldH) B
(_[\/)J.J R (xia,B+j,N J)Rj (yia,b+x,N—x)
e Limits (H) — (K) and (dH) — (K).

@ Truncations to the domain are possible by specializing parameters.

7—I,J(X7y) =
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Preliminary results: Ay/A, Tratnik functions (polynomials)

Triangular domains (¢ = 1)
i+j<Nand x+y < N:

(x=N

Tij(x,y) = (—N)-)j R,-(H)(X;Oz,ﬁ +Jj,N —j)Rj(dH)(y; a,b+x,N — x)
j

e Limits (H) — (K) and (dH) — (K).

@ Truncations to the domain are possible by specializing parameters.

Rectangular domains (¢ = 1)
iyx < Nandjy<M:

7—i7j(X,_y) — (Oé+ 1 +X)_/ R(H)(X,a+j,/87 N)RJ(dH)(y,Oé +X, b7 M)

(+1);
Tii(x,y) = R, 8+, MR (yia,x — M — 1 5, M)
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It appears there are also solutions of the form:

Tii(xy) o R®(x; ) R (i o).

22/23



It appears there are also solutions of the form:
R R, .
Tij(x,y) o< R p)) R (s ).
For example:
pj = (aaﬂ—i_j?_M_ 17 M)7

1
UX:(ﬁ_§7_/6_M_N_1+X7N+2/87N)

Pj = (a16+j7_N_j_2ﬁ_17N_j)7

1
a’X:(a,x—N—B—E,N+2ﬂ—X,N—X).
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It appears there are also solutions of the form:

Tij(x.y) o R0 p) R s ).
For example:

pj = (aaﬂ—i_j?_M_ 17M)7

1
UX:(ﬁ_§7_/6_M_N_1+X7N+2/87N)

Pj = (a16+j7_N_j_2ﬁ_17N_j)7
1
a’X:(a,x—N—B—E,N+2ﬂ—X,N—X).
Also of type B}/Bj:

pj:(()é,2j+C—N,’y—j,N—j),
ox=(a,—N+~v+2x,c—x, N — x).
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Conclusion

Classify (finite) bivariate functions of Tratnik type which satisfy
certain bispectral properties.

Consider all combinations of univariate polynomials, and
combinations of types Ay, By or B for the bispectrality.

Solve constraints in order for the bispectrality to be satisfied.
Possibilities with X # x 7
Study the structure of the associated Leonard pairs of rank 2.

Bispectral algebras.
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