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Quantum isomor

The isomorphism game

R
We need:
T z’
@ Players: Alice & Bob
o Graphs: X &Y y N
@ Referee: R

Alice Bob
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Quantum isomorphic graphs

Winning the game

Alice and Bob win the game if their output vertices, y, y’, have the
same relation as their input vertices z, z’. In other words,

o ifx =1/, theny =1/,
o ifx ~ 2/, theny ~ ¢/, and
o ifr £z andx 2/, theny # ¢y andy # ¢/
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Quantum isomorphic graphs

Quantum isomorphic graphs

Classical:
Alice & Bobwin «<— X =Y

Quantum:

If they have access to an entangled quantum state, they can win on
non-isomorphic graphs.

Definition

Graphs X and Y are quantum isomorphic, denoted X =, Y, if Alice
and Bob can win the isomorphism game using a quantum strategy.
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Quantum isomorphic g

Another definition

A quantum permutation matrix is ann x n matrix, U = (ui;); jen)
whose entries are elements of a C*-algebra and satisfy

© u;; =uj; =uj, foralli,j € [n] and

= Zuzk = Zug’j =1, forall ¢,k € [n)].
i=1 j=1
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Quantum isomorphic graphs

Another definition

A quantum permutation matrix is ann x n matrix, U = (ui;); jen)
whose entries are elements of a C*-algebra and satisfy

© u;; =uj; =uj, foralli,j € [n] and

= Zuzk = Zug’j =1, forall ¢,k € [n)].
i=1 j=1

@ Permutation matrices.

(G0 )
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Quantum isomorphic graphs

Another definition

Definition

Let X and Y be graphs with adjacency matrices Ax and Ay,
respectively. Then X and Y are quantum isomorphic if there exits a
quantum permutation matrix U satisfying

AxU =UAy.
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Group algebras and q atin squares

Quantum isomorpt

Another definition

Definition

Let X and Y be graphs with adjacency matrices Ax and Ay,
respectively. Then X and Y are quantum isomorphic if there exits a
quantum permutation matrix U satisfying

AxU = UAy.

X and Y are isomorphic if and only if there exists a permutation
matrix, P satisfying

AxP = PAy.
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Quantum Latin Squares

A quantum Latin square (QLS), ¥ = (v; j); je[n], IS an n x n array of
vectors from an n-dimensional complex vector space V such that the
entries of each row and column form an orthonormal basis of V.

(1,1,1) | (1,w,w?) | (1,w? w)
(1, w,w?) | (1,w?,w) | (1,1,1)

1
Vs (17‘*}2"")) (1,1,1) (l,w,wQ)
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Quantum Latin Squares

Quantum Latin Squares

A quantum Latin square (QLS), ¥ = (v; j); je[n], IS an n x n array of
vectors from an n-dimensional complex vector space V such that the
entries of each row and column form an orthonormal basis of V.

[ Jaed o] [1]2]3
7 (1,w,w?) | (1,w?w) | (1,1,1) | =
(L,w?w) | (1,1,1) | (1,w,w?) 3|12

A quantum Latin square, where w := e>™/3,
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1antum Latin squares

Quantum Latin Squares

Quantum Latin squares

(17131,1) (177171371) (131,717*1) (17*177171)
(1,—i,—1,4) | (Li,—1,—4) | (1, —i,1,—) | (L,4,1,4)
(17_1a17_1) (Llalal) (la_lv_lal) (Lla_lv_l)

(17 ia _17 _7’)

(1,—i,—1,4)

(1,4,1,4)

(1,—4,1,—4)

11/28



Group algebras and quantum Latin squares

Quantum Latin Squares

Quantum Latin squares

(1,1,1,1) | (@1,-1,1,-1) | (1,1,-1,-1) | (1,-1,-1,1)
1] (,—i,—1,9) | (1,4,—-1,—0) | (1,—4,1,—4) | (1,4,1,9)

2@, -1,1,-n) | @,1,,1) [@,-1,-1,1)|@1,-1,-1)
(1,i,—1,—4d) | (1,—i,—1,4) | (1,i,1,4) | (1,—i,1,—i)

Given a quantum Latin square, we can form a quantum permutation
matrix by taking u; ; to be the projection onto the 7, j-entry.
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quantum Latin squares

Group-invariant QLS

Definition

For finite groups G and H, we say that a quantum Latin square

U = () is (G, H)-invariant if its rows are indexed by G and its
columns by H and the inner product (45 | ¥c,q4) depends only on the
valuesof a™'c € Gand b~'d € H.

13/28



as and quantum Latin squares

Again this example

Let G =Z4 = (g9) and H = 73 = (z,y).

e T Y xy

e (1,1,1,1) [ @, =15,1,-10) ], 1,-1,-1)]@,-1,-1,1)
g || (1, =i, —1,0) | (,4,—1,—3) | (1,—4,1,—9) (1,4,1,4)
a2 |a,-1,1,-1] @iy |@-1,-1,1)]@1-1,-1)
@ || (,4,—1,—i) | (1,—4,—1,49) (1,4,1,4) (1,—i,1,—1)

Take for example ), .. V., and Vg2 ., g 2.
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Again this example

Let G =Z4 = (g9) and H = 73 = (z,y).

| e | = | zy
e (1,1,1,1) | @1,-1,1,-1) | (1,1,-1,-1) | (1,-1,-1,1)
g || =i, =19 | @,i,—1,—0) | (1,—i,1,—0) (1,i,1,4)
g, -1L1,-1)] 1,11 |1,-1,-1,1)](1,1,-1,-1)
@ @,4,-1,—) | @,—i,-1,4) (1,i,1,1) (1, —i,1, —i)
Take for example ¢ ., 1. , and 1,2 .., 1y ... Then
g le=gl=¢g% and e ly=y=2z"lay.




Group algebras and quantum Latin squares

Group-invariance

Again this example

Let G =Z4 = (g9) and H = 73 = (z,y).

” e T Y Ty
e (1,1,1,1) [ @, =15,1,-10) ], 1,-1,-1)]@,-1,-1,1)
g || (1, =i, —1,0) | (,4,—1,—3) | (1,—4,1,—9) (1,4,1,4)
a2 |a,-1,1,-1] @iy |@-1,-1,1)]@1-1,-1)
@ || (,4,—1,—i) | (1,—4,—1,49) (1,4,1,4) (1,—i,1,—1)

Take for example v, .. Y., and 12 ,, 14 o+, Then
g le=gt=¢?% and e
Indeed we have

1—i
<¢g,e|¢e,y> = 9 . = <¢92,x|¢g,zy>'
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1antum Latin squares

Group-invariance

Transformation matrices

Suppose that ¥ = (¢, ) is a (G, H)-invariant quantum Latin square.
Define its transformation matrix, denoted UY, to be the |G| x |H|
matrix defined entrywise as

Ug‘;ljh = <¢a,b | ¢C,d>

for some a,c € G, b,d € H such that a~'c = gand b= 'd = h.
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Group algebras and quantum Latin squares

Group-invariance

Transformation matrices

Suppose that ¥ = (¢, ) is a (G, H)-invariant quantum Latin square.
Define its transformation matrix, denoted UY, to be the |G| x |H|
matrix defined entrywise as

Ug‘;ljh = <¢a,b | ¢C,d>

for some a,c € G, b,d € H such that a~'c = gand b= 'd = h.

Our previous example is (Z4, Z3)-invariant with the following

transformation matrix where o = 1“ and 8 = TZ

o oo~
o~ oo
™o R o
Q ow o
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Group-invariance

Properties

Let U € CE* be the transformation matrix for a (G, H)-invariant
quantum Latin square. Then U satisfies the following:
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Properties

Let U € CE* be the transformation matrix for a (G, H)-invariant
quantum Latin square. Then U satisfies the following:

o It is unitary,
@ Uyp =Uy-14-1,foralla € G, b€ H,and

° Ugpe = Z Ug2Upyforalla,b e Gand c € H.

z,yeH
TY=c

In fact, these three conditions are sufficient.

16 /28



Group algebras and quantum Latin squares

Group-invariance

A matrix, U € CE*H is g transformation matrix for some (G, H)-invariant
quantum Latin square if and only if

o It is unitary,
@ Uyp =Uy-1 -1, foralla € G, b€ H,and

° Uab,c = Z Ua,:cUb,nyV all a,be Gandce H.

z,yeH
TY=c

17 /28
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antum Latin squares

Cayley graphs

Definition

Let G be a group and D C G\{e} a subset with D~! = D. The Cayley
graph, X := Cay(G, D), has vertex set V(X) := G, and

g~h if hg7leD.

The set D is called the connection set of the graph.
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antum Latin squares

Cayley graphs

Definition

Let G be a group and D C G\{e} a subset with D~! = D. The Cayley
graph, X := Cay(G, D), has vertex set V(X) := G, and

g~h if hg7leD.

The set D is called the connection set of the graph.

A vague and mostly useless statement

We can use a (G, H)-transformation matrix, to construct pairs, (X,Y)
of quantum isomorphic graphs where X = Cay(G, D) and
Y = Cay(H,D").

19/28



The construction

Let U be a (G, H)-transformation matrix. We construct an auxiliary
graph with vertex set G U H:
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Where are the graphs?

The construction

Let U be a (G, H)-transformation matrix. We construct an auxiliary
graph with vertex set G U H:

g1 e . }Ll
g2 e e hy
g3 e e hg

gn e e N,
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the graphs?

The construction

Let U be a (G, H)-transformation matrix. We construct an auxiliary
graph with vertex set G U H:

g e s M o \
g e o ho . ho
U91.hz ?é 0

g3 e e hy —— . o

gn e e N, . .
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Where are the graphs?

The construction

Let U be a (G, H)-transformation matrix. We construct an auxiliary
graph with vertex set G U H:

U91.hz ?é 0

g3 e o hy —— . ) - \ %

gn e o Iy . . LN

20/28



as and quantum Latin squares

he graphs?

The construction




as and quantum Latin squares

re the graphs?

The construction

Let C4, ..., C be the connected
components of this graph and define
D; = CiﬂGal’ldDé =C;NH.

D D,
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antum Latin squares

Let C4, ..., C be the connected
components of this graph and define
D; = CiﬂGal’ldDé =C;NH.

Then the Cayley graphs Cay(G, D;) and
Cay(H, D}) are quantum isomorphic for all
i=1,... k.
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quantum Latin squares

Where are the graphs?

The construction

Let C4, ..., C be the connected
components of this graph and define
D; = CiﬂGal’ldDé =C;NH.

D D,

Then the Cayley graphs Cay(G, D;) and
Cay(H, D}) are quantum isomorphic for all
i=1,... k.

X 7 More generally, for any subset I of [k],

Cay (G,>,c; Di) and Cay (H,>",.; D))
are quantum isomorphic.

21/28
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For which groups G, H does a (G, H)-transformation matrix exist?
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A theorem

Existence

For which groups G, H does a (G, H)-transformation matrix exist?

Theorem (Arnad(')ttir & Roberson, 2025+)

Let G, H be finite groups. A (G, H)-invariant QLS exists if and only if the
group algebras of G and H are isomorphic.
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Group algebras and quantum Latin squares

A theorem

Existence

For which groups G, H does a (G, H)-transformation matrix exist?

Theorem (Arnad(')ttir & Roberson, 2025+)

Let G, H be finite groups. A (G, H)-invariant QLS exists if and only if the
group algebras of G and H are isomorphic.

The group algebras of G and H being isomorphic is equivalent to the
degrees of their irreducible characters being the same.

23/28
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A theorem

Proof - part 1

For a group G with left regular representation ), the group algebra is
given by Ag := span{A(g) : g € G}.
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A theorem

Proof - part 1

For a group G with left regular representation ), the group algebra is
given by Ag := span{A(g) : g € G}.

Lemma

Let G be a finite group with left reqular representation X\ and irreducible,

unitary representations pu, . .., pr with degrees d; ..., d,. Then the map
Pg AG%@ Id ®Md( i—)@ Id ®pz
=1

(extended linearly) is an algebra isomorphism that preserves trace and
commutes with the conjugate transpose.

24/28



Group algebras and quantum Latin squares

A theorem

Proof - part 2

Let G and H be groups with isomorphic group algebras, Aq and Ag. Then
there exists an isomorphism, ¥ : Aq — Ag that preserves trace and
commutes with the conjugate transpose.

25/28



Group algebras and quantum Latin squares

A theorem

Proof - part 3

Lemma

Let G and H be finite groups with left regular representations X and X',
respectively. Then U € C*H is a (G, H)-transformation matrix if and
only if the linear map Wy : Ay — A given by

V(X () = Y UasA(a)

a€eG

is an algebra isomorphism preserving trace and conjugate transpose.
Moreover, every such isomorphism from Ag to Ag is attained in this way.

V

26/28
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A theorem

Conclusion of proof

Proof. 1t follows from the previous lemmas that:
@ There is one-to-one correspondence between

(G, H)-transformation matrices and isomorphisms between the
algebras that preserve trace and conjugate transpose.
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Group algebras and quantum Latin squares

A theorem

Conclusion of proof

Proof. 1t follows from the previous lemmas that:

@ There is one-to-one correspondence between
(G, H)-transformation matrices and isomorphisms between the
algebras that preserve trace and conjugate transpose.

@ Such isomorphisms exists if and only if the algebras are
isomorphic.

Thus the existence theorem follows. O

27/28
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A theorem

Thank you

My paper

My cat
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Example

Let G and H be finite abelian groups with |G| = |H| =: n. Let
X1,---5Xn and x4, ..., x,, be the irreducible characters of G and H,
respectively.
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Example

Let G and H be finite abelian groups with |G| = |H| =: n. Let

X1,---5Xn and x4, ..., x,, be the irreducible characters of G and H,
respectively. For g € G and h € H, define

by =~ (IR - xn (g X (R)).

T on
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Group algebras and quantum Latin squares

Example

Let G and H be finite abelian groups with |G| = |H| =: n. Let
X1,---5Xn and x4, ..., x,, be the irreducible characters of G and H,
respectively. For g € G and h € H, define

Vg.h ! (x1(g™ XL (h), - xnlg™ )X (R)).

" on

Then (Yg.1), e pey 18 @ (G, H)-invariant quantum Latin square with
inner product matrix

U=
n

where M and M’ are the character tables of G and H, respectively,
and M* denotes the conjugate transpose of M.

1/2



Group algebras and quantum Latin squares

Example

Take G := Z, and H := Z3.

[
[ S
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Group algebras and quantum Latin squares

Example

Take G := Z, and H := Z3.

[
[ S

We get the following (G, H)-invariant quantum Latin square:

(1,1,1,1) | (@1,-1,1,-1) | (1,1,-1,-1) | (1,-1,-1,1)
1| (1,—i,—1,4) | (1,4,—-1,—0) | (1,—i,1,—4) | (1,4,1,9)

2l @,-1,1,-1)| @@,1,1,1) |@,-1,-1,1)|@,1,-1,-1)
(Li,—1,—4) | (1,—i,—1,9) | (1,4,1,4) | (1,—i,1,—0)

2/2
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