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Question (Neumaier 1981):
Must an edge-regular graph with a regular clique be
strongly regular?
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Question (Neumaier 1981):
Must an edge-regular graph with a regular clique be
strongly regular?

Answer (GG and Koolen 2018):
No.
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Question (Neumaier 1981):
Must an edge-regular graph with a regular clique be
strongly regular?

Answer (GG and Koolen 2018):

N o 000 Gary — magma.exe * magma — 94x34

Graph
Vertex Neighbours

1 8 9 14 15 18 19 22 24 27 ;
2 8 9 10 16 19 20 23 25 28 ;
3 9 10 11 17 20 21 22 24 26 ;
4 10 11 12 15 18 21 23 25 27 ;
5 11 12 13 15 16 19 24 26 28 ;
6 12 13 14 16 17 20 22 25 27 ;
7

8

9

8 13 14 17 18 21 23 26 28 ;

127 1517 20 22 25 26

12316 18 21 23 26 27
10 2341517 19 24 27 28
1 34516 18 20 22 25 28
12 456 17 19 21 22 23 26
13 56 7 15 18 20 23 24 27
14 167 16 19 21 24 25 28 ;
15 14581013 22 23 28 ;
16 25691114 22 23 24 ;
17 367810 12 23 24 25 ;
18 14791113 242526 ;
19 12510 12 14 25 26 27 ;
20 236811132627 28 ;
21 347091214 22 27 28 ;
22 136811121516 21 ;
23 2470912131516 17 ;
24 13510 13 14 16 17 18 ;
25 2468111417 18 19 ;
26 357891218 19 20 ;
27 14609101319 20 21 ;
28 25710 11 14 15 20 21 ;
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Cayley graphs
» Let G be an (additive) group and S C G a generating
subset, i.e., G = (§).

» The Cayley graph Cay(G,S) has vertex set G and arc

set
{(g,9+s):g€GandseS}.
Example
I' = Cay(Zs,S) Generating set S = {—1,1}
1
2 0
-2 —1
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An examp|e Generating set S
» I = Cay(Z5 x Z7,S)
(01,0)  (01,+1)

(10,0) (10, 42)
(11,0)  (11,43)
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An example
» I = Cay(Z5 x Z7,S)

» T is edge-regular (28,9,2):
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An example
» I = Cay(Z5 x Z7,S)

» T is edge-regular (28,9,2):

(00,0)
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An example

» I = Cay(Z5 x Z7,S)

» T is edge-regular (28,9,2):

(00,0) —

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)
(11,0)  (11,43)

4 (10,0) I
(01,0) (11,0)
(11,3)
(01,1) (10,2)
(10, -2) (01,-1)
\_ (11, -3) )
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An example

» I = Cay(Z5 x Z7,S)

Generating set S

(01,0)  (01,+1)
. (10,0)  (10,+2)
» T is edge-regular (28,9,2): (11,0)  (11,+£3)
e (10,0) I
- ~
(01,0) (11,0)
(00,0) — (11,3)
(01,1) (10,2)
(10,-2) ~(01,-1)
\_ (11,-3) /
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An example

» I = Cay(Z5 x Z7,S)
» T is edge-regular (28,9,2);

» I has a 1-regular 4-clique:
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An example

» I = Cay(Z5 x Z7,S)
» T is edge-regular (28,9,2);

» I has a 1-regular 4-clique:

(01,0)

PN
(00,0) + (10,0)
~ |

(11,0)
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An examp|e Generating set S

» I = Cay(Z5 x Z7,S) (01,0)  (01,%£1)
» T is edge-regular (28,9,2); (10,0)  (10,+2)
(11,0)  (11,43)

» I has a 1-regular 4-clique:

(01,0)

PN
(00,0) + (10,0) (a,b) b#0
~ |

(11,0)
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An examp|e Generating set S

» I = Cay(Z5 x Z7,S) (01,0)  (01,%£1)
» T is edge-regular (28,9,2); (10,0)  (10,+2)
(11,0)  (11,43)

» I has a 1-regular 4-clique:

(01,0)

e N (%, —b)
@QO)%GQO) (a,b) b#0
N e
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An examp|e Generating set S

> T = Cay(Z2 x Z,5) (01,0) (01, +1)
» I is edge-regular (28,9,2); (10,0) (10,£2)

i (11,0)  (11,£3)
» T has a 1-regular 4-clique;

» I is not strongly regular:
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An example

» I = Cay(Z5 x Z7,S)
» T is edge-regular (28,9,2);
» T has a 1-regular 4-clique;

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)

» I is not strongly regular:

(00,0)

(11,0)  (11,£3)
4 (11,0) )
(01,0)
(01,1)
(11,3)
(10,0)
(10/ _2)
(01, —1)
(11,-3)

N (10,2)
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An examp|e Generating set S

> T = Cay(Z2 x Z,5) (01,0) (01, +1)
» I is edge-regular (28,9,2); (10,0) (10,£2)

i (11,0)  (11,£3)
» T has a 1-regular 4-clique;

» I is not strongly regular:

4 (11,0) )
(01,0) - (10,1)
(01,1)
(00,0) —— (11:3) (10,0)
(10, —2) S
(01,-1) |

N (10,2) 7
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An example

» I = Cay(Z5 x Z7,S)
» T is edge-regular (28,9,2);
» T has a 1-regular 4-clique;

» I is not strongly regular

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)
(11,0)  (11,43)

4 o (11,0)
(11,3) (0L,1) 7
(00,0) —— (io _ ;) (10,0) |
' (01, —1) |
(11, -3)
N (10,2) 7

- ——(10,1)

—(11,1)
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An example

» I = Cay(Z5 x Z7,S)
» T is edge-regular (28,9,2);
» T has a 1-regular 4-clique;

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)
(11,0)  (11,43)

» I is not strongly regular:

4 o (11,0) )
(11,3) (0L1) 7
(00,0) ——— (50 - ;) (10,0) |
' (01, —1) |
(11, -3)
N (10,2) 7
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Neumaier graphs

» A non-complete edge-regular graph with a regular clique
is called a Neumaier graph.

» A Neumaier graph T' has parameters (v,k, A;e,s).

» T'is an erg(v,k, A). Every Ks C T is e-regular;
» I has an e-regular clique Ks. | we call ¢ the nexus of T.

» Many strongly regular graphs are Neumaier graphs.
P block graph of orthogonal arrays
P line graphs of complete graphs

» Evans, Goryainov, and Panasenko (2019):
Smallest non-strongly-regular Neumaier graph has
parameters (16,9,4;2,4).
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More constructions (not strongly regular)

» Evans-Goryainov-Panasenko (2019):
infinite families; parameters:
(2211, (211—1 + 1)(211 _ 1)’2(211—2 + 1)(2;1—1 ,211 1’2n

N\

» Evans-Goryainov-Konstantinova-Mednykh (2021): N
e . . exus
infinite families, with parameters: (x, %, *; 1,5

» Abiad-Castryck-De Boeck-Koolen-Zeijlemaker(2023):
infinite families, with parameters: (x,x*,%;1, %)

Questions:

» Evans-Goryainov-Panasenko (2019):
Must the nexus be a power of 27

» Which Neumaier graphs are closest to being SRGs?
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

@ @ 1 4

[a] c
| @ o) [
e ] g [
6] [2] [a]
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a% +20% + 2 ab+ba+b%+cb ac +2b% +ca ab+ba+b%+cb

M2 = ab+ba+ b + be a% + 3% ab+ba + b + be ab + ba + 2b°
17| ac+2b* 4ca ab+ba+b>+cb  a®+20> + 2 ab +ba + % +cb
ab+ba+b?+bc  ab+ba+2b>  ab+ba+b*+bc a* + 3b?
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a2 4+ 2b% + ¢2 ab+ba+b%+cb ac +2b% +ca ab+ba+b%+cb

M2 = ab+ba+ b + be a% + 3% ab+ba + b + be ab + ba + 2b°
17| ac+2b* 4ca ab+ba+b>+cb >+ 207 + 2 ab +ba + % +cb
ab+ba+b?+bc  ab+ba+2b>  ab+ba+b*+bc a* + 3b?
M, = a
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a% +20% + 2 ab+ba+b%+cb ac +2b% +ca ab+ba+b%+cb

M2 = ab+ba+ b + be a% + 3% ab+ba + b + be ab + ba + 2b?
17| ac+20%+ca ab+ba+b%+cb a2 420 + 2 ab+ba+b%+cb
ab+ba+b>+bc  ab+ba+20>  ab+ba+ b+ be a% + 3%

@B [
M= B @ B
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a% +20% + 2 ab+ba+b%+cb ac + 2b% + ca ab+ba+b%+cb

M2 = ab+ba+ b + be a% + 3% ab+ba + b + be ab + ba + 2b°
17| ac+20%+ca ab+ba+b%+cb a2 420 + 2 ab+ba+b%+cb
ab+ba+b>+bc  ab+ba+20>  ab+ba+ b+ be a% + 3%

@B ¢ B
M=o B @ B
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a% +20% + 2 ab+ba+b%+cb ac +2b% +ca ab+ba+b%+cb

M2 — ab + ba + b* + be a% + 3% ab + ba + b% + bc ab + ba + 217
17| ac+20%+ca ab+ba+b%+cb a2 420 + 2 ab+ba+b%+cb
ab + ba + b + be ab + ba + 2b? ab + ba + b* + be a? + 3b2

] [] <
c [b] [a]
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a% +20% + 2 ab+ba+b%+cb ac +2b% +ca ab+ba+b%+cb

M2 — ab + ba + b + be a? + 3b? ab + ba + b + be ab + ba + 217
17| ac+20%+ca ab+ba+b%+cb a2 420 + 2 ab+ba+b%+cb
ab+ba+b>+bc  ab+ba+20>  ab+ba+ b+ be a% + 3b?

[a] [b] <
c [b] [a] [b]
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

26« @ 1 4
@@@@
c [b] [a] o]
6] [b] [a] 2 3

a% +20% + 2 ab+ba+b%+cb ac +2b% +ca ab+ba+b%+cb

ab + ba + b + be a2+ 30% ab + ba + b + be ab + ba + 212
ac +2b% +ca ab+ba+b%+cb a2 420 + 2 ab+ba+b%+cb

ab+ba+b%+bc  ab+ba+20>  ab+ba+b>+be a? + 3b?

2 _
Mi =

@c@
l
Ill
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

[a] [8] c [] ! 4

[&[=] [&] =

ENEREN
[=][]
[~][s]—
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

c 1 4

@l [
. IIII
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
A2 |dat+dc+ed+fd 2db+e*+f*  datdcted+fd  2db+ef +fe
27 | ac+2bd+ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
datdcted+fd  2db+ef +fe  datdcted+fd  2db+ e+ f?
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

c 1 4

@l [
. IIII
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
A2 |dat+dc+ed+fd 2db+e*+f>  dat+dcted+fd  2db+ef +fe
27 | ac+2bd+ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
datdcted+fd  2db+ef +fe  datdcted+fd  2db+ e+ f?

a]

M; =

a]
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

c 1 4

@l [
. IIII
@ j ld @ s

a% +2bd + 2 ab +be + bf +cb ac +2bd + ca ab + be + bf +cb
A2 |dat+dc+ed+fd 2db+e*+f>  datdcted+fd  2db+ef +fe
27 | ac+2bd+ca ab +be + bf +cb a% +2bd + 2 ab +be +bf +cb
datdcted+fd  2dbtef +fe  datdcted+fd  2db+ e+ f?

[a] (o]
(0] [a] [¢]

M; =

Gary Greaves — Coherent closure of Neumaier graphs 12/19



Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

c 1 4

@l [
. IIII
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
A2 — |dat+dc+ed+fd 2db+e*+f*  datdcted+fd  2db+ef +fe
27| ac+2bd +ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
datdcted+fd  2db+ef +fe  datdcted+fd  2db+ e+ f?

[a] (o]
(] [a] [¢]

M; =
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

c 1 4

@l [
. IIII
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
M2 = |da+dc+ed+fd 2db+e*+f*  datdcted+fd  2db+ef +fe
27| ac+2bd+ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
da+dc+ed+ fd 2db +ef +fe da+dcted+fd  2db+e® +f2

] [b] <
4]

c [b] [q]
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

c 1 4

@l [
. IIII
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
M2 — da+dc+ed+fd 2db + ¢ + f? da+dc+ed+fd 2db+ef +fe
27 | ac+2bd+ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
datdcted+fd 2dbtef +fe datdcted+fd  2db+ e+ f?

0]

[a] c
|l @
3 =
¢ [v] 4] [0]
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12/19



Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

] [o] ¢ 1 4
. IIII
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
A2 |dat+dc+ed+fd 2db+e*+f*  datdcted+fd  2db+ef +fe
27 | ac+2bd+ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
datdc+ed+fd  2db+ef +fe  dat+dcted+fd  2db+ e +f?

(@}

s = ﬂﬂ
3 C @
fld
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Weisfeiler-Leman Stabilization [Klin and Gyiirki 2015]

@ 1 4
. llll
@ j ld @ s

a% +2bd + 2 ab + be + bf + cb ac +2bd + ca ab + be + bf +cb
A2 |dat+dc+ed+fd 2db+e*+f*  datdcted+fd  2db+ef +fe
27 | ac+2bd+ca ab +be +bf +cb a% +2bd + 2 ab +be+bf +cb
datdcted+fd  2db+ef +fe  datdcted+fd  2db+ e+ f?

(@}

s = ﬂﬂ
3 C @
fld
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Sl—[=][s]
o[ [s]=]
[=][~][=]w
[s]=] ©[=]

Coherent closure
(T

]

O—HOO
SOOO
OO
OO O

OO
OO O
OS—HOO

OO O

OO O
OO
OO O
OO

OO O
—OOO
OO O
SO —O

—O—O
OO O
—O— O
OO O

OO O
SO—O
OO O
—OOoO

We call W(T') the coherent closure of T.

We say “T' has coherent rank 6" (aka WL-rank).
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Coherent rank of a Neumaier graph
Let I' be a Neumaier graph.
rk W(T') = 3 iff T is strongly regular;
rtk W(T') # 4,
rkW(T) £ 52— Open Problem!

> 6 otherwise.

vvyYyy

Neumaier graphs with coherent rank 6:

P Cay(Z3 x Z;,{(01,0),(10,0), (11,0), (01, 1), (10, +2), (11, +3)})
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Neumaier graphs with coherent rank 6

B (01,0), (10,0), (11,0),
Let I' = Cay (Z% X 27, {(01, +1), (10, +2), (11, i3)}>

Then W(T) = <I,A(7K4),A(4K7),A<A1),A(Az),A(Ag,)), where

A = Ay = A3 = Cay (23 x Z7,{(01,+1), (10, £2), (11,£3) }).
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Neumaier graphs with coherent rank 6

B (01,0), (10,0), (11,0),
Let I' = Cay <Z% X 27, {(01, +1), (10, +2), (11, i3)}>

Then W(T') = (I, A(7K4), A(4K7), A(Aq1), A(D2), A(A3)), where

A = Ay = A3 = Cay (Z3 x Z7,{(01,+1), (10,£2), (11,£3) } ).

Problem:
Do there exist more Neumaier graphs I s.t.
W(r) = <I/ Al/ AZ/ A3/ A4/ A5> and A(F) = A1 + Az?
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Neumaier graphs with coherent rank 6

B (01,0), (10,0), (11,0),
Let I' = Cay (Z% X 27, {(01, +1), (10, +2), (11, i3)}>
Then W(T') = (I, A(7K4), A(4K7), A(Aq1), A(D2), A(A3)), where
A = Ay = A3 = Cay (Z3 x Z7,{(01,+1), (10,£2), (11,£3) } ).

Problem:
Do there exist more Neumaier graphs I s.t.
W(r) - <I/ Al/ AZ/ A3/ A4/ A5> and A(F) = A1 + Az?

Theorem. (cf. Abiad et al. 2021):

Suppose I' is a Neumaier graph with commutative
W(T) = (I,Ay,...,A;) and A(T) € {Aq,..., A}
Then T is strongly regular.
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NEW! construction (coherent rank 6)
7TV
g1 and gp: prime powers congruent to 1 modulo 3.

a1 and ap: primitive elements of GF(g1) and GF(g2).

S:= {(zx’i,O) : Oéiém—Z}U{(zx?,zx?) 1 i1 =i mod 3}

Theorem. (GG and Tan 2025+ ):
Cay (GF(q1) x GF(q2),S) is Neumaier iff

4(291 — q2) = a(q1)a(q2) % 27b(q1)b(q2)

For prime power 4 =1 mod 3, a(q) and b(g) are defined as
4g = a(q)* +27b(g)*> anda(g) =1 mod 3.

WD) = {1 AlgaKy, ), AiK,), A (M), A(8), A(85)), where
A; = Cay (GF(ql) x GF(q2), {(a’;,a’;) . i, =iy mod 3})
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~(infinite?) construction

4q = a(q)? +27b(q)? and a(g) =1 mod 3.

Theorem. (GG and Tan 2025+):
Cay (GF(gq1) x GF(g2),S) is Neumaier iff

4(2q1 — q2) = a(q1)a(q2) % 27b(q1)b(q2)

Parameters: (qlqz, Wﬂh -2+ Mﬁ; qu&l)
q1 | 92 a1 | 492 q1 q2 q1 q2 Nexus
221 7 13| 2% 61 | 97 163 | 211
22 113 19 | 67 97 | 241 132 | 313

7 |24 31| 43 109 | 433 193 | 769
7 119 37| 73 139 | 331 199 | 787
13 | 72 72 | 193 151 | 163 223 | 811
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Neumaier graphs with coherent rank 6

Let I' be an a-antipodal distance-regular graph of diameter 3
with distance matrices A1, Ay, and As.

» Sett = (a1 +2)/a.

» T'" := graph whose adjacency matrix is
I @ (A1 +As) + (Je = I) @ (I+ Ag).

Theorem. (GG and Koolen 2018):
I'f is a Neumaier graph.

Theorem. (GG and Tan 2025+ ):

+y L LRA, QA I ® A3,
Wi = <(]t —I)®(I+As), (i —It) ® (A —I-/-\z)>
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Thank you for your attention

Happy Birthday, Paul

Further reading:

G.R.W. Greaves and Z.K. Tan, Neumaier graphs from cyclotomy with small coherent

rank, arXiv:2504.12026.

G.R.W. Greaves and J.H. Koolen, Another construction of edge-regular graphs with

regular cliques, Discrete Math. 88 (2019), pp. 2818-2820.

G.R.W. Greaves and J.H. Koolen, Edge-regular graphs with regular cliques, European
J. Combin. 71 (2018), pp. 194-201.
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