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Twin-width is defined by contraction sequences

Definition
A trigraph is a triple G “ pV pGq,BpGq,RpGqq where BpGq and RpGq are
disjoint edge sets. The edges in BpGq are black edges and the edges in
RpGq are red edges.

For a vertex v of a trigraph G ,
1 NBpvq is the set of vertices adjacent to v by a black edge,
2 NRpvq is the set of vertices adjacent to v by a red edge, and
3 NGpvq :“ NBpvq Y NRpvq.
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Twin-width is defined by contraction sequences

Contracting two vertices u and v , not necessarily adjacent, of a (tri)graph
G is defined as follows.
We remove u and v and make a new vertex w . For x P V pGqztu, vu,

1 if x P NBpuq X NBpvq, then add a black edge wx ,
2 if x R NGpuq Y NGpvq, then add no edge between w and x , and
3 otherwise add a red edge wx .

u1

v1

ùñ u2

v2

ùñ

Figure: Contracting u and v .
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Twin-width is defined by contraction sequences
A contraction sequence of a graph G on n vertices is a sequence
G1 :“ G , . . . ,Gn :“ K1 such that for each i P rn ´ 1s, Gi`1 is obtained
from Gi by contracting two distinct vertices.
A width of a contraction sequence is the maximum red-degree of Gi .

u

v
ùñ u

v

ùñ

u

v

ùñ

u v
ùñ

u

v
ùñ

Figure: A contraction sequence of width 2.
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Twin-width is defined by contraction sequences

The twin-width of a graph G is the minimum possible width of a
contraction sequence of G .

v

u ùñ

u
v ùñ u v

ùñ

v

u
ùñ u

v
ùñ

Figure: The twin-width of the graph is 1.
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Bounded twin-width

Bounded twin-width

Proper

minor-closed

Bounded
rank/clique-width

Bounded
tree-width

Figure: Bounded twin-width graph classes generalize several graph classes.
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Bounded twin-width

Theorem (Bonnet, Kim, Thomassé, and Watrigant, 2021)
For any FO φ and a graph G with a contraction sequence of width d,
checking whether G satisfies φ can be done in f pd , |φ|q ¨ |V pGq| time.

Theorem (Bonnet, Geniet, Kim, Thomassé, and Watrigant, 2021)
For a graph with a contraction sequence of constant width,
k-Independent Set, k-Clique, k-Dominating Set can be solved in
2Opkqn time.

Weighted k-Independent Set, Subgraph Isomorphism,
Induced Subgraph Isomorphism can be solved in 2Opk log kqn time.
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Main results

Theorem (A., Hendrey, Kim, and Oum, 2022)
For a graph G with n vertices and m edges,

twwpGq ă 1
2pn `

?
n ln n `

?
n ` 2 ln nq,

twwpGq ă
?

3m `
m1{4?ln m

4 ¨ 31{4 `
3m1{4

2 .
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Proof idea

Lemma
Let M be a maximal set of disjoint pairs tu, vu of vertices in G such that

|pNGpuq4NGpvqqztu, vu| ď
n `

?
n ´ 1

2 .

Then |M| ą pn ´
?

nq{2.

Note that pn `
?

n ´ 1q{2 is slightly smaller than our bound.

As contracting a pair in M induces a small red-degree, one possible
strategy is to contract the pairs in M sequentially.
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Proof idea

But there is a problem...
If we contract tu1, v1u, tu2, v2u in sequel, contracting the second pair may
affect the red-degree of the new vertex obtained by contracting tu1, v1u.

u1

v1
ùñ

w1 u2

v2
ùñ

w1 w2

Figure: Contracting u2 and v2 increases the red-degree of w1 by 1.
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Proof idea

By probabilistic method, we can find an order of M so that contracting the
elements in M in this order does not increase much the red-degree of new
vertices.

After contracting ą pn `
?

nq{2 pairs in M, the remaining graph has small
number of vertices, so we can take any contraction sequence of the
remaining graph.

ñ As the result, we obtain twwpGq ă 1
2pn `

?
n ln n `

?
n ` 2 ln nq.
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n{2` opnq is tight

In the upper bound by n, the coefficient of n is tight.

Definition (Conference graph)
A conference graph is a graph G on n vertices with n ” 1 pmod 4q such
that G is ppn ´ 1q{2q-regular and for each distinct vertices v and w ,

1 if v and w are adjacent, then |NGpvq X NGpwq| “ pn ´ 5q{4, and
2 otherwise |NGpvq X NGpwq| “ pn ´ 1q{4.

ñ After contracting any pair of vertices, the new vertex has red-degree
pn ´ 1q{2, so its twin-width is at least pn ´ 1q{2.
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n{2` opnq is tight

Is there a graph on n vertices having twin-width more than pn ´ 1q{2?

Theorem (Schidler and Szeider, 2022)
Suggest a SAT-encodings for computing twin-width, and compute the
twin-width of several small graphs.
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n{2` opnq is tight
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n{2` opnq is tight

Definition (Paley graph)
For each prime power q with q ” 1 pmod 4q, the Paley graph Ppqq is a
graph on Fq with |Fq| “ q such that vertices a and b are adjacent in Ppqq
if and only if a ´ b “ c2 for some c P Fqzt0u.

Theorem (A., Hendrey, Kim, and Oum, 2022)
Every n-vertex Paley graph has twin-width exactly pn ´ 1q{2.
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n{2` opnq is tight

Definition (Paley graph)
For each prime power q with q ” 1 pmod 4q, the Paley graph Ppqq is a
graph on Fq with |Fq| “ q such that vertices a and b are adjacent in Ppqq
if and only if a ´ b “ c2 for some c P Fqzt0u.

Question
Is there an n-vertex graph having twin-width larger than pn ´ 1q{2?
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On random graphs, we can do better

Theorem (A., Chakraborti, Hendrey, Kim, and Oum, 2022+)
There exists p˚ P p0.401, 0.402q such that the following hold for a real p
and q :“ 1´ p.
(1) If p˚ ă p ď 1{2, then with high probability,

twwpGpn, pqq “ 2pqn ´
a

6pqp1´ 2pqqn ln n ` op
?

n ln nq.

(2) If 0 ă p ă p˚, then there exists δ :“ δppq ą 0 such that with high
probability,

twwpGpn, pqq ą p2pq ` δqn.
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On random graphs, we can do better

Corollary (A., Chakraborti, Hendrey, Kim, and Oum, 2022+)
With high probability,

twwpGpn, 1{2qq “ n
2 ´

?
3n ln n

2 ` op
?

n ln nq.
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Limit Ratio

Theorem (A., Hendrey, Kim, and Oum, 2022)
For a graph G with n vertices and m edges,

twwpGq ă 1
2pn `

?
n ln n `

?
n ` 2 ln nq,

twwpGq ă
?

3m `
m1{4?ln m

4 ¨ 31{4 `
3m1{4

2 .
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Limit Ratio

Theorem (A., Hendrey, Kim, and Oum, 2022)

lim
nÑ8

max
"

twwpGq
|V pGq| : |V pGq| “ n

*

“
1
2 ,

1.088 ă 4
?

6
9 ď lim sup

mÑ8
max

#

twwpGq
a

|E pGq|
: |E pGq| “ m

+

ď
?

3 ă 1.733.

Question
What’s the correct value of lim sup maxttwwpGq{

a

E pGq : |E pGq| “ mu?
Can we reduce the upper bound

?
3 to a smaller number?
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Thank you for your attention!
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