
5.  The 19th 
Century 

Robin Wilson 



Carl Friedrich Hindenburg (1796) 

‘Hindenburg  
and his school 

[in Leipzig] 
attempted 

through 
systematic 

development of 
combinatorials, 
to give it a key 
position within 

the various 
mathematical 

disciplines.’  



Peter Nicholson 
(1818) 

Scottish practical builder 
and mathematician 



Louis Poinsot’s diagram-
tracing puzzles (1809) 

Given some points situated at 
random in space, it is required  

to arrange a single flexible thread 
uniting them two by two in all 

possible ways, so that finally the 
two ends of the thread join up, 
and so that the total length is 

equal to the sum of all the 
mutual distances.  As we shall 

see, the solution is possible only 
for an odd number of points. 

odd complete graphs,  
K5, K7, K9, . . .; 

0123456 0246135 03625140 



J. B. Listing’s diagrams 
Vorstudien zur Topologie (1847)  

Here there are 8 
odd intersections,  

so we need 4 paths 

This can be drawn in a single stroke, since it has 
only two points of odd type, both five-fold . . . 



Gaston Tarry 
Le problème des labyrinthes (1895) 

Tarry’s rule: do not return along the passage which has led to  
a junction for the first time unless you cannot do otherwise. 

Tarry also gave a practical method for carrying this out.  



W. W. Rouse Ball (1892) 
Mathematical Recreations and Problems 

Solving the Königsberg 
bridges problem corresponds  

to the solving the diagram-tracing 
puzzle on the right 

In 1735 Euler did NOT  
draw such a picture 



William Rowan Hamilton (1805-1865) 

Can we visit each 
vertex just once  

and return to our 
starting point? 



Hamilton investigates . . . 

Hamilton’s ‘quaternions’: 
i2 = j2 = k2 = −1, ijk = −1.  

So ij = k, ji = −k. etc. 



Hamilton’s  
icosian  
game 
(1859) 

 
‘A Voyage 

Around the 
World’ 

 



Marketing the icosian game 

Hamilton sold the icosian game 
to a games manufacturer for £25 
− a wise move, as it didn’t sell. 



Kirkman’s ‘cell of a bee’  (1856) 

Kirkman investigated closed 
paths on ‘polyedra’. 

But if we cut in two the cell  
of a bee (giving the picture 

above), is there such a path? 



Kirchhoff’s electrical networks (1845/7) 

Problem:  Find all the 
currents and voltages 
(using Kirchhoff’s laws) 

Fundamental set of 
cycles for a spanning tree 



Counting trees 

Alkanes  CnH2n+2  have a 
tree structure:  how many  

have n carbon atoms? 

The six trees with 6 vertices:  
how many trees have 100 vertices? 



Good Will Hunting 

Draw all the homeomorphically irreducible trees with 10 vertices  



Cayley’s trees (1857/9) 

Arthur Cayley 



Cayley’s 1881 paper 



Counting  
labelled trees 

Arthur Cayley, 1889: 
The number of n-vertex labelled trees is nn–2. 



Chemical diagrams – ‘graphic formulae’ 

By 1850 it was known that elements combined in fixed 
proportions to make compounds– formulas such as 

C2H5OH were known – but how did elements combine? 
Answer: VALENCY 

In 1864 Alexander Crum Brown 
introduced his ‘graphic formulae’, 
which then appeared in a popular 

textbook by Edward Frankland. 



J. J. Sylvester (Nature, 1878) 

. . . I hardly ever take up 
Dr. Frankland’s 

exceedingly valuable 
Notes for Chemical 
Students, which are 

drawn up exclusively 
on the basis of Kekule’s  

exquisite concept of  
valence, without 

deriving suggestions  
for new researches in 

the theory of  
algebraical forms . . . 



Chemistry and algebra 
American Journal of Mathematics, 1878 



Sylvester’s  
chemical trees  

(1878) 



J. J. Sylvester and W. K. Clifford 

atom ↔ binary quantic (ax3 + 3bx2y + 3cxy2 + dy3) 
number of bonds ↔ number of factors 

chemical substance ↔ invariant (functions of a, b, c, . . .) 
invariant/covariant ↔ graph 

Cayley and Sylvester’s 
work on invariant theory 

was eventually supplanted 
by the more powerful 

methods of Gordan and 
Hilbert – the ‘finite basis 

theorem’. 



Euler diagrams  (1761) 



Venn diagrams (1881) 

Venn diagrams for 2, 3, 4, 5 sets 



Lewis Carroll’s diagrams 

A. W. F.  
Edwards: 

Cogwheels  
of the Mind 



Euler’s formula for plane graphs 

(number of faces) + (number of vertices)  
= (number of edges) + 2 

6 + 8 = 12 + 2 
 

Augustin-Louis Cauchy 

→ → 



Möbius’s problem (c.1840) 

A king lay on his death-bed:  
‘My five sons, divide my land  

among you, so that each part has  
a border with each of the others.’ 

Möbius’s problem has no 
solution: five neighbouring 

regions cannot exist 

Dual form: 
Can you join five towns  
by non-crossing roads? 
no − so K5 is non-planar 



The utilities problem  (Sam Loyd, 1900) 

Can we connect the three houses A, B, C 
to the three utilities  gas, water, electricity 
without any of the connections crossing? 

(Here, house B is not joined to water) 



Solving the utilities problem 

Look at the 6-cycle  
A-G-B-W-C-E-A, and try  
to add the connections  
A-W, G-C, and E-B . . . 

Is this graph K3,3 
planar? 


