
6.  Colouring maps 
Robin Wilson 



The four-colour problem 

Can every map be coloured with four colours  
so that neighbouring countries are coloured 

differently? 
 

We certainly need four colours for some maps . . . 

. . . but do four colours suffice for all maps? 

four neighbouring countries . . . but not here 



Two observations 

The map can be on  
a plane or a sphere 

 
It ŘƻŜǎƴΩǘ ƳŀǘǘŜǊ 

whether we include 
the outside region 



5Ŝ aƻǊƎŀƴΩǎ ƭŜǘǘŜǊ  
to W. R. Hamilton 
23 October 1852 



Francis and Frederick Guthrie 

Francis Guthrie 
Frederick Guthrie, 1880 

no analogue in three dimensions 



The first appearance in print: 
F. G. in The Athenaeum, June 1854 



Möbius and the five princes (c.1840) 

A king on his death-bed:  
Ψaȅ ŦƛǾŜ ǎƻƴǎΣ ŘƛǾƛŘŜ Ƴȅ ƭŀƴŘ ŀƳƻƴƎ 

you, so that each part has  
ŀ ōƻǊŘŜǊ ǿƛǘƘ ŜŀŎƘ ƻŦ ǘƘŜ ƻǘƘŜǊǎΦΩ 

MöōƛǳǎΩǎ problem has no solution:  
five neighbouring regions cannot exist 



Some logic . . . 

A solution to aǀōƛǳǎΩǎ problem would give 
us a 5-coloured map: 

Ψ5 neighbouring regions existΩ  ƛƳǇƭƛŜǎ ǘƘŀǘ  
Ψthe 4-colour theorem is falseΩ 

and so 
Ψthe 4-colour theorem is trueΩ  ƛƳǇƭƛŜǎ ǘƘŀǘ  
Ψр ƴŜƛƎƘōƻǳǊƛƴƎ ǊŜƎƛƻƴǎ ŘƻƴΩǘ ŜȄƛǎǘΩ 

BUT 
Ψ5 neighbouring regions ŘƻƴΩǘ ŜȄƛǎǘΩ ŘƻŜǎ bh¢ ƛƳǇƭȅ 

ǘƘŀǘ Ψthe 4-colour theorem is trueΩ 
 

So Möbius did NOT originate the 4-colour problem.  



Arthur Cayley revives the problem 

13 June 1878  
London Mathematical Society 
Has the problem been solved? 

 

1879: short paper:  we need 
ŎƻƴǎƛŘŜǊ ƻƴƭȅ ΨŎǳōƛŎΩ ƳŀǇǎ 
(3 countries at each point) 



A. B. Kempe ΨǇǊƻǾŜǎΩ ǘƘŜ ǘƘŜƻǊŜƳ 

On the geographical problem 
of the four colours 

American Journal of Mathematics, 
1879 

CǊƻƳ 9ǳƭŜǊΩǎ ǇƻƭȅƘŜŘǊƻƴ ŦƻǊƳǳƭŀΥ 
Every map contains a digon, triangle, square or pentagon 



YŜƳǇŜΩǎ ǇŀǇŜǊ όмутфύ 

On the geographical problem of the four colours 



YŜƳǇŜΩǎ proof 1: digon or triangle 
Every map can be 4-coloured 

Assume not, and let M be a map with the smallest 
number of countries that cannot be 4-colored.  

If M contains a digon or triangle T, remove it,  
4-colour the resulting map, reinstate T,  

and colour it with any spare colour.  
This gives a 4-colouring for M: contradiction 



YŜƳǇŜΩǎ proof 2: square 
If the map M contains a square S, try to proceed as before: 

Are the red and green countries joined?  Two cases: 



YŜƳǇŜΩǎ proof 3: pentagon 
If the map M contains a pentagon P: 

/ŀǊǊȅ ƻǳǘ ¢²h ΨKempe ƛƴǘŜǊŎƘŀƴƎŜǎΩ ƻŦ ŎƻƭƻǳǊΥ 



P. G. Tait, 1880 
Remarks on the colouring  

of maps  

For a cubic map:  
instead of 4-colouring  
the countries, colour  
the boundary edges.   

At each meeting point  
all three colours appear. 

4-ŎƻƭƻǳǊƛƴƎ ǘƘŜ ŎƻǳƴǘǊƛŜǎ ҭ о-colouring the edges 

1ς2 or 3ς4 
1ς3 or 2ς4 
1ς4 or 2ς3 



The problem becomes popular . . . 

Lewis Carroll turned the problem  
into a game for two people . . .  

1886:  J. M. Wilson, Headmaster of 
Clifton College, set it as a challenge 

problem for the school 

1887:  . . . and then sent it to  
the Journal of Education 

. . . who in 1889 published a 
ΨǎƻƭǳǘƛƻƴΩ ōȅ CǊŜŘŜǊƛŎƪ ¢ŜƳǇƭŜΣ 

Bishop of London 



1890: Percy Heawood 
 Map-colour theorem 

Heawood pointed out the 
ŜǊǊƻǊ ƛƴ YŜƳǇŜΩǎ ΨǇǊƻƻŦΩ ƻŦ 
the four-colour theorem, 

and salvaged enough  
to prove the  

five-colour theorem. 

He also showed that, for maps  
on a g-ƘƻƭŜŘ ǘƻǊǳǎ όŦƻǊ Ǝ җ мύΣ   

[1/ 2{7 Ҍ Ҟόм Ҍ пуƎ)}] colours suffice. 
[for a torus: g = 1: number = 7] 



IŜŀǿƻƻŘΩǎ example 1 

You cannot do two Kempe interchanges at once . . . 



IŜŀǿƻƻŘΩǎ example 2 

blue and yellow are connected . . .  
so red and green are separated 



IŜŀǿƻƻŘΩǎ example 3 

blue and green are connected . . .  
so red and yellow are separated 



IŜŀǿƻƻŘΩǎ 
example 4 



Maps on other surfaces 
The four-colour problem concerns maps on a plane or 

sphere . . . but what about other surfaces? 

Heawood:  TORUS  
7 colours suffice . . . 

 and may be 
necessary 

HEAWOOD CONJECTURE 
CƻǊ ŀ ǎǳǊŦŀŎŜ ǿƛǘƘ Ƙ ƘƻƭŜǎ όƘ җ мύ 

[1/ 2όт Ҍ Ҟόм Ҍ пуƘύύϐ colours suffice: 
h = 1:  [1/ 2όт Ҍ Ҟпфύϐ Ґ тΤ     Ƙ Ґ нΥ  ώ

1/ 2όт Ҍ Ҟфтύϐ Ґ у 

But do we need this number of colours? 



1904: Paul Wernicke 
Über den kartographischen Vierfarbensatz 

Kempe: Every map on the plane contains  
a digon, triangle, square or pentagon  

Wernicke: Every map on the plane contains  
at least one of the following configurations 

¢ƘŜȅ ŦƻǊƳ ŀƴ ΨǳƴŀǾƻƛŘŀōƭŜ ǎŜǘΩΥ  
every map must contain at least one of them 



Unavoidable sets 

is an unavoidable set:  
every map contains at least one of them 

 

and so is the following set of Wernicke (1904): 



An unavoidable set 

If none of these appears, then each pentagon adjoins  
countries with at least 7 edges. 

Now, if Ck is the number of k-sided countries, then 
 (4C2 +  3C3 + 2C4) + C5   ς C7 ς 2C8 ς 3C9 ς . . . = 12 
!ǎǎƛƎƴ ŀ ΨŎƘŀǊƎŜΩ ƻŦ с ς k to each k-sided country: 

 pentagons 1, hexagons 0, heptagons ς 1, . . . 
Total charge = C5 ς C7 ς 2C8 ς 3C9 ς . . . = 12 

Now transfer charge of 1/ 5 from each pentagon  
to each negatively-charged neighbour.  

Total charge stays at 12, but pentagons become 0,  
hexagons stay at 0, and heptagons, octagons, . . . stay negative.   

{ƻ ǘƻǘŀƭ ŎƘŀǊƎŜ Җ лΥ    CONTRADICTION 



1913: G. D. Birkhoff 
The reducibility of maps 

A configuration of countries in a 
map is reducible if any 4-colouring 

of the rest of the map can be 
extended to the configuration. 

 

Irreducible configurations  
cannot appear in counter-examples  

to the 4-colour theorem 
 

Kempe:  digons, triangles  
and squares are reducible 

Birkhoff:  so is the Birkhoff diamond 



Testing for  
reducibility 

Colour the countries 1ς6  
in all 31 possible ways 

rgrgrb extends directly  
and ALL can be done directly  

or via Kempe interchanges of colour 



Philip Franklin (1922) 
The four color problem 

Every cubic map containing no triangles  
or squares must have at least 12 pentagons. 

Any counter-example has at least 25 countries  
later extended by Reynolds (27), Winn (39) and others 

Further unavoidable sets found by H. Lebesgue (1940) 



Unavoidable sets 
Kempe  
1879 

Wernicke  
1904 

P. Franklin 1922: 
so the four-colour 
theorem is true  
for maps with  

up to 25 countries 
[also H. Lebesgue] 



Reducible configurations 

These configurations are 
reducible:  any colouring of  
the rest of the map can be 
extended to include them 

Aim (Heinrich Heesch):  
To solve the four colour problem  

it is sufficient to find an unavoidable set  
of reducible configurations 

{ƻ ŀǊŜ ǘƘŜ ΨBirkhoff diamondΩ όмфмоύΣ 
and many hundreds of others 



1976 
Kenneth Appel  

& Wolfgang Haken 
(Univ. of Illinois) 

Every planar map is  
four colorable 
(with John Koch) 

They solved the problem by finding  
an unavoidable set of 1936  

(later 1482) reducible configurations 



1976: K. Appel & W. Haken 
Every planar map is four-colorable 

H. Heesch: find an unavoidable set of reducible configurations 
 

Using a computer Appel and Haken (and J. Koch) found  
an unavoidable set of 1936 reducible configurations  

(later 1482) 



The Appel-Haken approach 

5ŜǾŜƭƻǇ ŀ ΨŘƛǎŎƘŀǊƎƛƴƎ ƳŜǘƘƻŘΩ  
that yields an unavoidable set  
ƻŦ ΨƭƛƪŜƭȅ-to-be-ǊŜŘǳŎƛōƭŜΩ 

configurations. 
Then use a computer to check  
whether the configurations are 

actually reducible: if not, 
modify the unavoidable set. 

They had to go up to  
Ψring-ǎƛȊŜΩ мп  

(199,291 colourings) 



 
 

The proof is 
widely acclaimed 


