6. Colouring maps 4
Robin Wilson .




The fourcolour problem

Can every map be coloured with four colours
so that neighbouring countries are coloured
differently?

We certainlyneed fourcolours forsomemaps . . .

four neighbouring countries .. .but not here

... but do four colours suffice faall maps?



Two observations

The map can be on
aplane or asphere

tR2Say Qi
whether we include

the outside region

 yellow N4




to W. R. Hamilton | &« s wric 73257
23 October 1852 | *2 st 70505




Francis and Frederick Guthrie

Frederick Guthrie, 1880
no analogue in three dimensions

FrancisGuthrie



The first appearance In print:
F. G. InThe AthenaeumJune 1854
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Mobius and the five princes (¢.1840

A king on his deatfbed:
Yaeé FTAODS az2yasz R
you, so that each part has
' 02NRSNJ gAGK S

MO0 A dpaoblém has no solution:
five neighbouring regions cannot exist




Some logic . ..

A solutiontoa | 0 A dmébra would give
us a 5coloured map:

\B neighbouring regions exi§ AYLX ASa
Yhe 4-colour theorem is fals®
and so
Yhe 4-colour theorem is true AYLX ASA
W YySATKO2dzNAY I QNBIA 2
BUT
W neighbouring region®R 2 v Q IQ R2AS&AG b h ¢
0 K lthé 4-cdlour theorem is true

SoMobiusdid NOT originate the €olour problem.



Arthur Cayleyrevives the problem

13Jdune 1878
London Mathematical Society
Has the problem been solved?

1879: short paper:we need
O2ZYaAaARSNI 2yf @&
(3 countries at each point)

original map add patch color map shrink patch




A. B.KempeWLINR S a Q

On the geographical problem|[£
of the four colours '

American Journal of Mathematics
1879
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triangle square pentagon
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Onthe geographical problenof the four colours

On the Geograplical Problem of the Four Colours.

By A. B. Kunmrg, B. A., London, England.

Ir we examine any ordinary map, we shall find in general a number of
lines dividing it into districts, and a number of others denoling rivers, roads,
ete. It frequently happens that the multiplicity of the latter lines renders it
extremely diflicult to distinguish the boundary lines from them. In cases
where it is important that the distinetion should be clearly marked, the arti-
fice has been adopted by map-malkers of painting the dislricts in different
colours, so that the boundaries arc clearly defined as the places where one
colour ends and another begins; thus rendering it possible to omit the boun-
dary lines altogether. If this clearness of definition be the sole object in
view, it is obviously unnecessary that non-adjacent districts should be painted
different colours; and further, none of the clearness will be lost, and the
boundary lines can equally well be omitted, if districts which merely mect at
one ov two points be painted the same colour. (See Fig. 1.)
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Y S Y LjBoQfdl: digonor triangle
Every map can be-doloured

Assume not, andet M be a map with the smallest
number of countries that cannot be-4olored.

If M contains adigonor triangle T remove It,
4-colour the resulting map, reinstate T,
and colour it with any spare colour.
This gives a-4olouring for M: contradiction

original map obtain new map color new map color original map



Y S Y LiBoQf®: square

If the map M contains a square, 8y to proceed as before:




Y S Y LjBa@fEB: pentagon

If the map M contains a pentagon P:

~

(—— h T—

original map obtain new map color new map try to color original map
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P. G. Tait, 1880

Remarks on the colouring

of maps

For a cubic map:
iInstead of 4-colouring
the countries,colour
the boundaryedges.

At each meeting point
all three coloursappear.

1¢2 or X4 -
1¢3 or X4 21
1c4 or &3 I
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The problem becomes popular . . .

LewisCarroll turned the problem
Into a game for two people . ..

1886: J. M. Wilson, Headmaster of
Clifton College, set it as a challenge
problem for the school

1887: ... and then sent it to
the Journal of Education
... who in 1889 published a
Wa2f dziAz2zyQ o0& C
Bishop ofLondon




1890: PercyHeawood §

Map-colour theorem

Heawoodpointed out the
SNNEZNJ AY YSY
the four-colour theorem,

and salvaged enough
to prove the
five-colour theorem

He alsoshowed that,for maps
onagK2f SR 02 NXza «

[Y A7 K 0 M} delounssuifice.
[for a torus. g = 1. number F]




| S| ¢ 2examlal

You cannot do twdkempeinterchanges at once . .




| S| 4 2 &x&pla 2
blue and are connected . . .
sored and greenare separated




| S| ¢ 2 &x&pla 3
blue and greenare connected . . .
sored and are separated
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Maps on other surfaces

The fourcolour problem concerns maps on a plane or
sphere . . . but what about other surfaces?

Heawood TORUS
7 colourssuffice . . .

and may be
necessary
HEAWOOD CONJECTURE
C2NJ I adz2NFIl OS gAGK K
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But do we need this number of colours?




1904: Paul Wernicke

Uberden kartographischernVierfarbensatz

Kempe Every map on the plane contains
adigon, triangle, square or pentagon
Wernicke Every map on the plane contains
at least one of the following configurations

triangle square two pentagons pentagon/hexagon

CKSe F2N¥Y |y WYdzyl @2 A
every map must contain at leastone of them



Unavoidable sets

e s

triangle square pentagon

IS anunavoidable set
every map contains at least one of them

and so Is the following set of Wernicke (1904):

triangle square two pentagons pentagon/hexagon



triangle square two pentagons pentagon/hexagon

If none of these appears, then each pentagon adjoins
countries with at least 7 edges.
Now, If G is the number of ksided countries, then
4G+ 3G+2Q)+G ¢Gc2G(3Gc...=12
laaAdy | &kQKeadiIsidad codinkry: c
pentagons 1, hexagons O, heptagoqyq, . ..
Total charge ={x C,¢2G¢3G¢G. .. =12
Now transfer charge ot/ from each pentagon
to each negativelycharged neighbour.
Total charge stays at 12yut pentagons become O,
hexagons stay at 0, and heptagons, octagons, . . . stay negative
{2 0201t CONTRABISTION nY



1913: G. DBIirkhoff
The reducibility of maps

A configuration of countries in a
map isreducibleif any 4-colouring

of the
exteno

lrred
cannot a

rest of the map can be
ed to the configuration.

ucible configurations
ppear in counteexamples

to the 4-colour theorem

Kempe digons triangles

and

sguares are reducible

Birkhoff: so is theBirkhoff dilamond
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Colour the countries 46

. . Birkhoff diamond
in all 31 possible ways o

rgrgrg  rgrbrg®  rgrbgy* rgbrgy  rgbryb  rgbgbg* rgbyrg  rgbygy*
rgrgrb*  rgrbrb  rgrbyg*  rgbrbg* rgbgrg® rgbgby  rgbyrb  rgbybg*
rgrgbg  rgrbry  rgrbyb* rgbrby  rgbgrb* rgbgyg  rgbyry* rgbyby*
rgrgby*  rgrbgh* rgbrgb  rgbryg  rgbgry* rgbgyb  rgbygb

rgrgrb extends directly
and ALLcan be done directly
or viaKempeinterchanges of colour




Philip Franklin(1922)

The fourcolor problem

Every cubic map containing no triangles
or squares mushaveat least 12 pentagons.

Any counterexample has at least 25 countries
later extended by Reynolds (27), Winn (39) and others

Further unavoidable setfound by H.Lebesgud1940



Unavoidable sets

triangle square

————

two pentagons pentagon/hexagon

Wernicke
1904

triangle square

two pentagons and a hexagon

a pentagon and two hexagons

P. Franklin 1922:
so the four-colour
theorem Is true
for maps with

up to 25 countries
[also H. Lebesgue]



Reducible configurations

—~

A ,/"i‘\\ A<  These configurations are
v ; '\l/,' reducible: any colouring of

A i e the rest of the map can be
S e extended to include them

{ 2 | NBErkhaffdi@modti) 6 m
and many hundreds of others

Aim (HeinrichHeesch:
To solve the four colour problem
it Is sufficient to find an unavoidable set
of reducible configurations




1976
KennethAppel
& WolfgangHaken

(Univ. oflllinois)
Every planar map IS99

four colorable
(with John Koch

They solved the problem by finding
an unavoidable set of 1936 ﬂ
(later 1482) reducible configurations ;




1976: KAppel& W. Haken
Every planar map Is foucolorable

H.Heeschfind an unavoidableset of reducibleconfigurations

Usinga computer Appeland Haken(and J. Kochfound
an unavoidable set of 1936ducibleconfigurations
(later 1482)
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TheAppelHakenapproach

5SSt 2L I WRAA

that yields an unavoidable set

2 T  Yib-he]NHIR&zO A (

configurations.

Then use a computer to check| »

whether the configurations are
actually reducible: if not,

modify the unavoidable set.

Theyhad to goup to
Wng-a Al SQ

(199,291colouringy
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The proof Is
widely acclaimed
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