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Square  
patterns 



The Lo-shu 
diagram 

The Lo-shu had  
magical significance  

– for example,  
relating to nine halls  
of a mythical palace 

where rites  
were performed  

in the 1st century AD 



Yang Hui (c. 1238-98) 

Yang Hui constructed a range of magic squares of 
different sizes, and with different properties.  



Iron plate found at Xian (c. 1300) 



Arabic (and later) magic squares 

990: Ikhwan-al-Safa (Brethren of Purity) gave simple 
 constructions for magic squares of sizes 3 − 6  
 (and possibly from 7 − 9), but with no general rule. 

1200 al-Buni described a ‘bordering technique’. 

1315 Moschopoulos gave general rules for constructing 
 n × n magic squares when n is odd, or when n is 
 divisible by 4. 

1691: Simon de la Loubère brought to France a simple 
 method of Siamese origin for constructing magic 
 squares when n is odd. 

1693 Frenicle de Bessy obtained all 880 4 × 4 magic 
 squares. 



Dürer’s 
Melencholia 1 

(1514) 



17th century Japanese magic figures 



A knight’s-tour ‘magic square’ 



Magic square of al-Antaakii (d. 987) 



Benjamin 
Franklin’s 
amazing  
16 × 16 
square 

‘I was at length tired with sitting there to hear debates  
in which, as clerk, I could take no part, and which  
were often so unentertaining that I was induc’d  
to amuse myself with making magic squares …’.  



Three latin squares (3 × 3, 4 × 4, 5 × 5) 



Silver amulet (Damascus, AD 1000?) 



Two 7 × 7  
latin squares 

al-Buni (c. 1200) 



An example 
from 1788 



Sudoku 
puzzles 
(1978 . . .) 



Design of experiments (1930s) 
R. A. Fisher and F. Yates 



Latin squares  
in agriculture 

(design of 
experiments) 



Sudoku 
designs 



Court-card puzzle 

The values (J, Q, K, A) 
form a latin square 

– and so do the suits 

K♣  Q♦  J♠ A♥ 

 J♥  A♠  K♦ Q♣ 

A♦  J♣ Q♥ K♠ 

Q♠ K♥ A♣ J♦ 
 

‘Orthogonal 

4 × 4 latin squares’ 



The 16-card 
problem 



Orthogonal 5 × 5 latin squares 

Aa    Bb    Cc   Dd    Ee 
Cb    Dc   Ed   Ae   Ba  
Ec  Ad   Be  Ca  Db 
Bd  Ce  Da    Eb  Ac 
De   Ea     Ab    Bc  Cd 
 

Each chess-piece and colour  
appear together just once 

Each capital and small letter 
appear together just once 



The first ‘Latin square’ (Euler) 



Joseph Sauveur’s solution (1710) 



 
 
 

Arrange 36 officers, one of each of six ranks and one of 
each of six regiments, in a 6 × 6 square array, so that 

each row and each column contains exactly one officer 
of each rank and exactly one of each regiment. 

Euler’s 36 Officers Problem: 1782 

Is there a pair of orthogonal 6 x 6 latin squares? 



Euler’s Conjecture 

Observing that one can easily construct 
orthogonal Latin squares of sizes  

3 × 3, 4 × 4, 5 × 5 and 7 × 7, 

and unable to solve the 36 Officers Problem, 
Euler conjectured: 

Constructing orthogonal n × n Latin squares      
is impossible when 

n = 6, 10, 14, 18, 22, . . . , 

but can be done in all other cases.  

 

 

 



Euler was wrong! 

In 1958–60, R. C. Bose, S. Shrikhande and E. T. Parker 
(‘Euler’s spoilers’) showed that orthogonal latin squares 

exist for all of these values of n, except for n = 6. 



Orthogonal 10 × 10 latin squares 



Euler (1782): 
Converting 
orthogonal 

Latin squares  
to magic 
squares 

Take a = 0, c = 3, b = 6, 
and α = 1, γ = 3, β = 3, 

and add: 



Julius Plücker (1835) 

A general plane curve has 9 points  
of inflection, which lie in triples  

on 12 lines. 

Given any two of the points,  
exactly one of the lines  

passes through them both. 

Footnote:  If a system S(n) of  
n points can be arranged in triples,  

so that any two points line in just 
one triple, then n ≡ 3 (mod 6)  

[Later (1839):  . . . or n ≡ 1 (mod 6)] 



Wesley Woolhouse (1809-93) 

Lady’s & Gentleman’s Diary, 1844 

Determine the number of 
combinations that can be made out 

of n symbols, p symbols in each; 
with this limitation, that no 

combination of q symbols, which 
may appear in any one of them 
shall be repeated in any other. 

Question 1760 (1846): 

How many triads can be made out of n symbols,  
so that no pair of symbols shall be comprised more 

than once among them?      [p = 3, q = 2]  



Triple systems 

There are n (= 7) letters, arranged in threes. 
Each letter appears in the same number of triples (here, 3). 

Any two letters appear together in just one triple. 

No. of triples = n(n – 1)/6, so  n ≡ 1 or 3 (mod 6)   
so  n = 7, 9, 13, 15, 19, 21, . . . 



Kirkman’s 1847 paper 
Cambridge & Dublin Math. J. 2 (1847), 191-204. 

Thomas P. Kirkman showed how to construct 
a triple system S(n) for each n = 1 or 3 (mod 6). 

S(n), Dn+1 → S(2n + 1),  
so S(7), D8 → S(15), D16 → S(31),  . . .   

He used a system D2m, an arrangement of the  
C(2m,2) pairs of 2m symbols in 2m – 1 columns:  

 



Resolvable triple systems: n ≡ 3 (mod 6) 

Nine young ladies in a school walk out  
three abreast for four days in succession:  

it is required to arrange them daily,  
so that no two shall walk twice abreast.  



Steiner 
triple 

systems? 
(1853) 



Lady’s and 
Gentleman’s  
Diary (1850) 



Lady’s & Gentleman’s Diary, 1850 



Solving the ‘schoolgirls problem’ 
Fifteen young ladies in a school walk out three abreast  
for seven days in succession: it is required to arrange 
them daily, so that no two shall walk twice abreast.  



Kirkman’s 
problem 

of the 
fifteen 
young 
ladies 



Kirkman’s ‘schoolgirls problem’ 

Fifteen young 
ladies in a school 

walk out three 
abreast for  
seven days  

in succession:  
it is required  

to arrange them 
daily, so that no 
two shall walk 
twice abreast.  



Cyclic 
solutions 

 
Revd.  

Robert 
Anstice 
(1852) 



Benjamin Peirce 
(1860) 

Using the same approach  
as Anstice, Peirce found all 

three types of cyclic solution: 



The seven 
schoolgirls 
problem 
solutions 

 
F. N. Cole, 
Bull. AMS 

(1922) 



A  
priority 

dispute? 

J. J. Sylvester, 
Phil. Mag.  

1861 



Kirkman 
replies  

. . .  



Sylvester’s problem 

There are C(15, 3) = 455 = 13 x 35 triples of schoolgirls. 
Are there 13 separate solutions that use all 455 triples? 
-- that is, can we arrange 13 weekly schedules so that 

each triple appears just once in the quarter-year? 

Yes? – Kirkman  (1850) – but his solution was incorrect. 
Yes:  R. H. F. Denniston (using a computer) in 1974. 

A solution of the schoolgirls problem for n = 6k + 3 
schoolgirls was given in 1971 by Dijen Ray-Chaudhuri  

and Rick Wilson (and had been found earlier by Lu Xia Xi, 
a schoolteacher from Inner Mongolia).  

The solution of the generalized Sylvester problem  
for n = 6k + 3 schoolgirls is still unknown. 



Two puzzles 


