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5.

6.

Early combinatorics
European combinatorics:
Middle Ages to Renaissance
Euler’s combinatorics

Magic squares, Latin squares
& triple systems

The 19th century

Colouring maps

7/8. A century of graph theory
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Early mathematics time-line

° 2700 =1600-BC+Eoypt

* 1100 BC—-AD 1400 : China

600 BC—AD 500 : Greece (three periods)
« 600 BC—AD 1200 : India

= AD 500-=1000-Mayan

 AD 750 — 1400 : Islamic / Arabic
* AD 1000—-...: Europe



EEnBEEHE Number of yin-yang

hexagrams (chapters)
=25=64



The Lo-shu
diagram
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Greek
mathematics:
three periods

Early: Thales
Pythagoras

Athens: Plato
Aristotle
Eudoxus

Alexandria / Syracuse:
Euclid
[Archimedes]
Apollonius
Ptolemy
Diophantus
Pappus
Hypatia

600 BC
520 BC
387 BC
350 BC
370 BC

250 BC?
250 BC
220 BC
AD 150
AD 250?
AD 320
AD 400
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Pythagorean figurate numbers

triangular

numbers

n(n +1)/2
1,3, 6, 10, 15, 21,

square numbers
nZ
1, 4,9, 16, 25, 36

1Sz 14243+ 4+5

:__IO OPQ

6=z143 4S5+ 7

Any square number
is the sum of
two consecutive
triangular numbers




s ‘School of Athens’

Plato’s Academy
(387 BC)

Raphael’




Plato’s Timaeus:

The five regular polyhedra
(‘Platonic solids’)

tetrahedron
= fire

cube
= earth

tetrahedron

octahedron
= air

icosahedron
= water

dodecahedron
dodecahedron icosahedron = COoSMos




Polyhedral dice (astragali)




Archimedes
(c.287-212 BC)

* On floating bodies

* On the equilibrium of planes
 On the measurement of a circle
e The Method

 On Spirals

* On the sphere and cylinder |, li
* Quadrature of the parabola

* On conoids and spheroids

* The sand reckoner

* Semi-regular polyhedra




Archimedean (semi-regular) solids




Pappus : ‘On the sagacity of bees’
(regular tilings)
(early 4th century AD)
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Susruta’s treatise (6th century BC)

Medicines can be sweet, sour, salty,
pungent, bitter, or astringent.

Susruta listed:

6 combinations when taken 1 at a time
15 combinations when taken 2 at a time
20 combinations when taken 3 at a time
15 combinations when taken 4 at a time
6 combinations when taken 5 at a time

1 combination when taken 6 at a time

Thus: C(6,1) = 6; C(6,2) = 15; C(6,3) = 20;
C(6,4) =15; C(6,5)=6; C(6,6)=1



Indian combinatorics

c. 300 BC: Jainas (Bhagabatisutra):
combinations of five senses, or of men,
women and eunuchs

c. 200 BC: Pingala (Chandrasutra):
combinations of short/long sounds
in a metrical poem (— u u — u, etc.)



c. AD 550: Varahamihira’s Brhatsamhita
on perfumes: choose 4 ingredients from 16
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Number of combinations = C(16, 4) = 1820



Arrangements: Vishnu
(from Bhaskara’s Lilavati, AD 1150)

Vishnu holds in his four hands
a discus, a conch, a lotus,
and a mace:
the number of arrangements is
4x3x2x1=24=4]

Bhaskara gave general rules for n!, C(n, k), etc:

The number of combinations
of k objects selected from

a set of n objects is

B [l I 3 o0 X (1= o 1]
kx(k—-1)x--x1




Bhaskara’s permutations: Sambhu

How many are the variations of form of
the god Sambhu by the exchange of his ten
attributes held in his ten hands:
the rope, the elephant’s hook, the serpent,
the tabor, the skull, the trident,
the bedstead, the dagger, the arrow
and the bow?

Statement: number of places: 10
The variations of form are found to be
(10! =) 3,628,800



Permutations and combinations

Four types of selection problem: choose r objects from n objects:

1. Selections ordered, repetition allowed:
number of waysis nxnx...xn=n'

2. Selections ordered, no repetition allowed (permutation):
number of ways is
Pi(n,r)=nx(n-1)x...x(n-r+1)=n!/(n-r)!

3. Selections ordered, no repetition allowed (combination):
number of waysis C(n,r)=P(n,r)/rl=n!/r!(n-r)!

4. Selections ordered, repetition allowed:
number of waysis C(n+r—-1,r)=(n+r-1)1 /(n—-1)!r!



The Hindu
— Arabic
numerals

]2 gre 56972850

Gobar numerals, undated
(West Arabic manuscript)

113194V 782

Codex Vigilanus, Spain, Ab 976

-szyhe))

Brahmi Numerals,
second century AD

NRAFAULI0H00

Gwalior inscription, aD 870

1Rygy€occae-

I PMmmo0 4y VA9

Modern Hindu script (Néagari)

Modern East Arabic Numerals

ITFRAUPARTS

Apices, first half of eleventh
century A (MS, Erlangen 879)

14345 6789

l2384h6 A8 %0

Durer, sixteenth century

Early printed numerals, 1474




Influences on Baghdad

rg

PRINCIPALL RO

INTO THE ARABIC—=ISLAMIC WORLD.

Baghdad was on the trade routes between
the West (the Greek world) and the East (India)



* Algorithmide numero

Indorum
‘Dixit Algorismi’

* Algebra text
Kitab al-jabr w’al-mugabalah
Ludus algebrae
et almucgrabalaeque
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Al-Biruni on the
combinatorics of

Sanskrit metres
(11th century)

There are 8 possible
three-syllable metres,
where each symbol is

either heavy (<) or light (|)



Arithmetical triangles of Al-Karaji (1007)

and Nasir ad-Din at-Tusi (c.1240)
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Arithmetical
triangle of

lbn Munim
(c. AD 1200)
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Zhu Shijie (1303):
Sijuan yujian
(Precious mirror

of the four elements)




From Baghdad to Europe
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FROM THE ARABIC—-ISLAMIC WORLD INTO EUROPE
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Arabic tiling (Alhambra)




Wallpaper patterns (17 in all)
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Jewish
combinatorics:

Sefer Yetsirah
(Book of Creation)

(2nd-8th century)




Sefer Yetsirah

SNTT AOOT 03N, SBNT 0337, O OIBT MIBST P03T T, 0BT, O3
AT 0T ANDT BINT NIONT IGNT TN 3UNT 05N S0, 03T 00N
AT TN IO, OTP DI 0P WIS 0T, ONT3 013 BN D
OPTI TS, ONT 0TS DT RIS TN IO LTI, TS D s
T, 0T 30 DT, ITY E0TY 1050, DTSN 30T O3 TN, 3TN
AT VAN TN 3VIOY TN 3D TR I8, DT, ONSY 0T )
J3IDT ADTT JA0T I, 03T, TUIT IS0, M TN 1A 3T 3
SDTP T3P 03N TN L0, IR T M M9, 8T W, o
IS TI0 TN TRID D, PII0AM , IMD 3, WM ST
TIPH L AT IO T, ITPD TN ST N, TIM, TN 8T

Number of permutations of five letters
=51=120




Sefer Yetsirah (2nd—-8th century)

Suitable combinations of letters had power over Nature:

773132 X
"M
o1n5>
Tp¥EY

ol

God drew them, combined them,
weighed them, interchanged them,
and through them produced the whole
creation and everything that is
destined to be created.

For two letters, he combined
the aleph with all the other letters
in succession, and all the other letters
again with aleph; bet with all, and all
again with bet; and so the whole
series of letters.

Thus, there are (22 x 21)/2 = 231
formations in total.



Saadia Gaon (AD 892-942)

[After calculating n! up to 7! = 5040, and using n! = (n—1)! x n]

If you want to know the number of permutations of 8 letters,
multiply the 5040 that you got from 7 by 8 and you will get 40,320
words; and if you search for the number of permutations of
9 letters, multiply 40,320 by 9 and you will get 362,880;
and if you search for the number of permutations of 10 letters,
multiply 362,880 by 10 and you will get 3,628,800 words;
and if you search for the number of permutations of 11,
multiply these 3,628,800 by 11 and you will get 39,916,800 words.
And if you want to know still larger numbers,
you may operate according to the same method.

We, however, stopped at the number of 11 letters, for the longest
word to be found in the Bible [with no letter repeated]
contains 11 letters, like the word INnNNWUTY9)'D.



Rabbi ibn Ezra (1090-1167)

Possible conjunctions of 7 ‘planets’: C(7, k) fork=2,3, ..., 7.
It is known that there are seven planets. Now Jupiter has
six conjunctions with the other planets. Let us multiply then

6 by its half and by half of unity. The result is 21, and this
is the number of binary conjunctions (that is, C(7, 2) = 21.)
For k = 3, the answer is C(7, 3) = 35.

R=3: St7 467 367 267 167
L)

B384 a8 I

Jer 11 1yl

349 2697 167

2 134

i

totel : - .15
l+346+410+15 = 35 1
126

129




ben Gerson’s Maasei Hoshev (1321)

Proposition 63:

If the number of permutations of a given
number of different elements is equal to
a given number, then the number of
permutations of a set of different elements
containing one more number equals
the product of the former number of
permutations and the given next number.

P(n+1)=(n+1)xP(n)

(n+1)!'=(n+1)xn!



