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1.  The binomial theorem  
 and the arithmetical triangle 
2.  Fibonacci 
3.  Ramon Llull and his followers 
4.  Pascal and Leibniz and their 
 successors 
5. Games of chance 
 
 



Arithmetical triangles of Al-Karaji (1007) 
and Nasir ad-Din at-Tusi(c.1240) 



Zhu Shijie (1303): 
Sijuan yujian 

(Precious mirror  
of the four 
elements) 



‘Pascal’s triangle’ of numbers C(n, k) 
figurate numbers (such as triangular numbers) 

‘binomial coefficients’ in the expansion of (x + y)n 

(1 + x)6 = 1 + 6x + 15x2 + 20x3 + 15x4 + 6x5 + x6  



The binomial theorem: (a + b)n 

n = 2:  Euclid’s Elements (250 BC) 
 

n = 3:  Brahmagupta (AD 628) 
 

n = 4, 5, 6: Omar Khayyam (c.1100) 



Two 1545 German arithmetical triangles 

Michael Stifel 
(figurate)  

J. Scheubelius 
(binomial) 



Niccolò Tartaglia (1556) 



Girolamo 
Cardano 

(1570) 

Diagonal sums 
= 2n – 1  



 Blaise Pascal (1654/1665) 



Fibonacci (Leonardo of Pisa)  
(c. 1170–1240)  

Liber Abaci (1202) 
Book of squares 

Hindu-Arabic 
numerals 
Many text  
problems 

‘Rabbits’ problem 
Fibonacci sequence 



Fibonacci’s ‘rabbits’ problem 
Liber Abbaci (1202) 

Fibonacci 

sequence 
 

1, 1, 2, 3, 5, 8,  

13, 21, 34, 55, 89, 

144, 233, 377,  . . . 

Each term is the sum 

of the previous two 

How many rabbits can be bred from one pair in a year? 
• Each month they produce another pair 
• From month two each new pair breeds 



‘Hemachandra numbers’ and pavings 

A long syllable is two beats (—), and a short syllable is one beat (ᴜ).  

How many rhythms are there with a given number of beats? 

For example, there are 5 rhythms with four beats: 
— — ,    — ᴜ ᴜ ,   ᴜ — ᴜ ,   ᴜ ᴜ — ,   and   ᴜ ᴜ ᴜ ᴜ 

 

In how many ways can we lay a path of length n with 2 x 1  
rectangular paving stones that can be laid horizontally or vertically? 

There are 5 pavings of length 4  

and below are two of the 34 pavings of length 8 

In the East, Fibonacci numbers are called Hemachandra numbers. 



Pascal and the Fibonacci numbers 



The influence of Ramon Llull  
Aim: to unify all knowledge into a single system:  

all knowledge derives from basic principles,  
so we look at all combinations of these principles  

to find all knowledge. 

Ramon Llull (c.1235-1316):  Catalan mystic and poet 

Marin Mersenne (1588-1648):  Minimite friar and communicator 

Athanasius Kircher (1601/2-1680):  Jesuit priest, and the last 
‘Renaissance man’ 

From Spain, Sebastian Izquierdo (1601-81) and Juan Caramuel  
 de Lobkowitz (1606-82) 

Gottfried Leibniz (1646-1716):  ‘Dissertatio de Arte Combinatoria’ 

Jakob Bernoulli (1615-1705):  ‘Ars Conjectandi’ 



Ramon Llull (c.1232–1315) 
Combinations of divine attributes 



Llull’s ‘combinatory diagrams’ 

Llull’s diagrams  
give the relationships  

among nine of the ‘Dignities’  
– the attributes of God, such as  

B = Bonitas (goodness),  
E = Potestas (power),  

F = Sapientia (wisdom),  
and I = Veritas (truth). 

In the lower diagram, the inner 
wheels rotate, allowing all the 

combinations of three attributes.  



 Marin Mersenne  
  (1588-1648) 

Musical composition consists of  
arrangements of consonances: 

Harmonicorum Libri 
= Harmonie Universelle: 

− table of values of factorials up to 64! 
− exhibited the 720 ‘songs’ with 6 notes 
− extensive tables (in a musical setting) 
 of permutations and combinations 
 with and without repetition  
− gave formula for n!/a!b! . . .  
 where a + b + . . . = n 



Marin Mersenne  
(1636) 

Number of arrangements 
of four notes is  4! = 24 

For six notes it is  6! = 720 



Mersenne’s arithmetical triangle 

Number of combinations = C(36, 12) = 1,251,677,700 



Athanasius Kircher  
(1601/2-1680) 

The last of the polymaths: 

− great musical encyclopedists 

− an early writer on germs 

− translator of Egyptian hieroglyphs 

− ‘father of geology’ 

− designer of magic lanterns 

− invented a system of logic 

− designed magnetic toys for noblemen 

− founded one of the earliest museums 

. . . and much more 

Wrote on 
Noah’s ark,  

China, 
Tower of Babel 

Rome 
Acoustics 

The plague 
Magnetism, 
Optics, . . .  



72 names of God 
 

(God’s name in 72 
languages, all spelt  
with four letters) 

 
  



The origins  
of writing 

 
Mystic characters 

handed down  
by the angels,  
tracing writing  

and language back  
to divine revelation 

 



Athanasius 
Kircher’s  

Ars Magna 
Sciendi  (1669) 



Kircher’s Ars Magna Sciendi 
sive Combinatoria (1669) 

In XII Libros Digesta qua Nova & Universali Methodo  
per artificio sum Combinatorum contextum de omni re 

proposita plurimis & prope infinitis rationibus disputandi, 
. . . 

 
III: Methodus Lulliana 

IV: Ars Combinatoria  [pp. 153-201] 
 Quo Veluti proprio loco Artis Combinatoriae modus 

 Post 1  De Combinatione terminorum tam simplicium,  
 quam compositorium  . . .  



Word arrangements 

Tabula 
Generalis: 
Factorials 
from 1!  
to 50! 



Kircher’s 2-combinations 



Duratio  
cum  

principiis 
respectivis 

 
(combinations 

involving 
Duratio) 



Another 
Kircher 
table 



Kircher’s 
bipartite graphs 



Leibniz’s De Arte  
Combinatoria 

(1666) 



Leibniz’s De Arte Combinatoria 

Written under the influence  
of Llullism 

– wide view of ‘Ars combinatoria’ 

– many problems  
 on permutations  
 and combinations 

–  direct combinatorial proof  
 of ‘Pascal’s triangle rule’ 

n prime → n divides C(n, r),  
 for r = 1, 2, . . . , n – 1. 



 Blaise Pascal  
(1654/1665) 

Part I:  A treatise on the arithmetical  
 triangle 
Part II: Uses of the arithmetical triangle: 
 − figurate numbers 
 − theory of combinations 
 − binomial expressions 
 − games of chance  

Triangle ascribed to Pascal by 
de Montmort (1708) and De Moivre (1730) 



Newton’s binomial theorem 1 



Newton’s binomial theorem 2 



Astronomy: Kepler’s 
polyhedral model 



Kepler’s drawings of polyhedra 



Non-convex polyhedra 



Christoph Clavius (1538-1612) 
In one of his books Clavius gave ‘a most-wonderful digression on  
the combinations of things’, which influenced many later writers. 



Permutable poetry (1617) 

Tot tibi sunt dotes, Virgo, quot sidera caelo. 
(Thou hast as many virtues, O Virgin, as there are stars in heaven.) 

 

Tot dotes tibi, quot caelo sunt sidera, Virgo. 

Dotes tot, caelo sunt sidera quot, tibi Virgo. 

Dotes, caelo sunt quot sidera, Virgo tibi tot. 

Sidera quot caelo, tot sunt Virgo tibi dotes. 

Quot caelo sunt sidera, tot Virgo tibi dotes. 

Sunt dotes Virgo, quot sidera, tot tibi caelo. 

Sunt caelo tot Virgo tibi, quot sidera, dotes. 

Dactyl – spondee – spondee – spondee – dactyl – spondee 

(Dum-diddy dum-dum dum-dum dum-dum dum-diddy dum-dum) 

 



Frans van Schooten (1657) 

All the combinations of four letters a, b, c, d: 

 

 

 

All the divisors of 210: 



Games of chance 

 

R. de Fournival? 

De Vetula 
(On a Little Old Woman) 

(c. 1240) 
 

On dice games: 
De Vetula enumerates  
the 56 different throws  

of three dice, etc. 



Combinatorial dice 
All unordered patterns of three dice 



Caramuel’s 
Mathesis 

Biceps 
Vetus et Nova 

(Old and new  
two-headed 

mathematics) 

(1670) 



Pierre  
De Montmort’s 

Games of Chance 
(1708) 

includes a 72-page 
Treatise on 

Combinations 
which discusses 
many problems, 

including 
derangements 



De Montmort’s  
Jeux de Hazard (1708) 



De Moivre’s  
Doctrine of Chances  

(1718) 



Principle of Inclusion–Exclusion 

For n= 6: the number of derangements is 265 (out of 6! = 720)  
 = 53 out of 144 (as stated above) 



J. Bernoulli’s  
Ars Conjectandi  

(1713) 



Bernoulli’s Ars Conjectandi 

Also contains probability  
(the ‘law of large numbers’, 

limit theorems, and the 
binomial distribution),  

and the ‘Bernoulli numbers’ 
(actually discovered  

100 years earlier  
by J. Faulhaber) 

Opens with a hymn on the infinite variety of nature  
– this variety stems from the combinations  

and arrangements of its parts,  
and the combinatorial art helps us to understand these. 


