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1.  The binomial theorem  
 and the arithmetical triangle 
2.  Fibonacci 
3.  Ramon Llull and his followers 
4.  Pascal and Leibniz and their 
 successors 
5. Games of chance 
 
 



Arithmetical triangles of Al-Karaji (1007) 
and Nasir ad-Din at-Tusi(c.1240) 



Zhu Shijie (1303): 
Sijuan yujian 

(Precious mirror  
of the four 
elements) 



ΨtŀǎŎŀƭΩǎ ǘǊƛŀƴƎƭŜΩ ƻŦ ƴǳƳōŜǊǎ /όƴΣ ƪύ 
figurate numbers (such as triangular numbers) 
ΨōƛƴƻƳƛŀƭ ŎƻŜŦŦƛŎƛŜƴǘǎΩ ƛƴ ǘƘŜ ŜȄǇŀƴǎƛƻƴ ƻŦ όȄ Ҍ ȅύn 

(1 + x)6 = 1 + 6x + 15x2 + 20x3 + 15x4 + 6x5 + x6  



The binomial theorem: (a + b)n 

n Ґ нΥ  9ǳŎƭƛŘΩǎ Elements (250 BC) 
 

n = 3:  Brahmagupta (AD 628) 
 

n = 4, 5, 6: Omar Khayyam (c.1100) 



Two 1545 German arithmetical triangles 

Michael Stifel 
(figurate)  

J. Scheubelius 
(binomial) 



Niccolò Tartaglia (1556) 



Girolamo 
Cardano 

(1570) 

Diagonal sums 
= 2n ς 1  



 Blaise Pascal (1654/1665) 



Fibonacci (Leonardo of Pisa)  
(c. 1170ς1240)  

Liber Abaci (1202) 
Book of squares 

Hindu-Arabic 
numerals 
Many text  
problems 

ΨwŀōōƛǘǎΩ ǇǊƻōƭŜƳ 
Fibonacci sequence 



CƛōƻƴŀŎŎƛΩǎ ΨǊŀōōƛǘǎΩ ǇǊƻōƭŜƳ 
Liber Abbaci (1202) 

Fibonacci 

sequence 
 

1, 1, 2, 3, 5, 8,  

13, 21, 34, 55, 89, 

144, 233, 377,  . . . 

Each term is the sum 

of the previous two 

How many rabbits can be bred from one pair in a year? 
ÅEach month they produce another pair 
ÅFrom month two each new pair breeds 



ΨHemachandra ƴǳƳōŜǊǎΩ ŀƴŘ pavings 

A long syllable is two beats (τ), and a short syllable is one beat (◔).  

How many rhythms are there with a given number of beats? 

For example, there are 5 rhythms with four beats: 
τ τ ,    τ ◔ ◔ Σ   ◔ τ ◔ Σ   ◔ ◔ τ Σ   ŀƴŘ   ◔ ◔ ◔ ◔ 

 

In how many ways can we lay a path of length n with 2 x 1  
rectangular paving stones that can be laid horizontally or vertically? 

There are 5 pavings of length 4  

and below are two of the 34 pavings of length 8 

In the East, Fibonacci numbers are called Hemachandra numbers. 



Pascal and the Fibonacci numbers 



The influence of Ramon Llull  
Aim: to unify all knowledge into a single system:  

all knowledge derives from basic principles,  
so we look at all combinations of these principles  

to find all knowledge. 

Ramon Llull (c.1235-1316):  Catalan mystic and poet 

Marin Mersenne (1588-1648):  Minimite friar and communicator 

Athanasius Kircher (1601/2-1680):  Jesuit priest, and the last 
ΨwŜƴŀƛǎǎŀƴŎŜ ƳŀƴΩ 

From Spain, Sebastian Izquierdo (1601-81) and Juan Caramuel  
 de Lobkowitz (1606-82) 

Gottfried Leibniz (1646-мтмсύΥ  ΨDissertatio de Arte CombinatoriaΩ 

Jakob Bernoulli (1615-мтлрύΥ  ΨArs ConjectandiΩ 



Ramon Llull (c.1232ς1315) 
Combinations of divine attributes 



[ƭǳƭƭΩǎ ΨŎƻƳōƛƴŀǘƻǊȅ ŘƛŀƎǊŀƳǎΩ 

[ƭǳƭƭΩǎ diagrams  
give the relationships  

ŀƳƻƴƎ ƴƛƴŜ ƻŦ ǘƘŜ Ψ5ƛƎƴƛǘƛŜǎΩ  
ς the attributes of God, such as  

B = Bonitas (goodness),  
E = Potestas (power),  

F = Sapientia (wisdom),  
and I = Veritas (truth). 

In the lower diagram, the inner 
wheels rotate, allowing all the 

combinations of three attributes.  



 Marin Mersenne  
  (1588-1648) 

Musical composition consists of  
arrangements of consonances: 

Harmonicorum Libri 
= Harmonie Universelle: 

ҍ ǘŀōƭŜ ƻŦ ǾŀƭǳŜǎ ƻŦ ŦŀŎǘƻǊƛŀƭǎ ǳǇ ǘƻ спΗ 
ҍ ŜȄƘƛōƛǘŜŘ ǘƘŜ тнл ΨǎƻƴƎǎΩ ǿƛǘƘ с ƴƻǘŜǎ 
ҍ ŜȄǘŜƴǎƛǾŜ ǘŀōƭŜǎ (in a musical setting) 
 of permutations and combinations 
 with and without repetition  
ҍ gave formula for n!/a!b! . . .  
 where a + b + . . . = n 



Marin Mersenne  
(1636) 

Number of arrangements 
of four notes is  4! = 24 

For six notes it is  6! = 720 



aŜǊǎŜƴƴŜΩǎ arithmetical triangle 

Number of combinations = C(36, 12) = 1,251,677,700 



Athanasius Kircher  
(1601/2-1680) 

The last of the polymaths: 

ҍ great musical encyclopedists 

ҍ an early writer on germs 

ҍ translator of Egyptian hieroglyphs 

ҍ ΨŦŀǘƘŜǊ ƻŦ ƎŜƻƭƻƎȅΩ 

ҍ designer of magic lanterns 

ҍ invented a system of logic 

ҍ designed magnetic toys for noblemen 

ҍ founded one of the earliest museums 

. . . and much more 

Wrote on 
bƻŀƘΩǎ ŀǊƪΣ  

China, 
Tower of Babel 

Rome 
Acoustics 

The plague 
Magnetism, 
Optics, . . .  



72 names of God 
 

όDƻŘΩǎ ƴŀƳŜ ƛƴ тн 
languages, all spelt  
with four letters) 

 
  



The origins  
of writing 

 
Mystic characters 

handed down  
by the angels,  
tracing writing  

and language back  
to divine revelation 

 


