2. European Combinatorics

From Middle Ages
to Renaissance
Robin Wilson
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The binomial theorem

and the arithmetical triangle
Fibonacci

RamonUull and his followers
Pascal and Leibniz and their
SUCCessors

Games of chance



Arithmetical triangles of AlKaraji(1007)
and Nasir aeDin atTus(c.1240)
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figurate numbers (such as triangular numbers
WoAY2YAlLET O2STFFAOASYNDAQ

(1+Xy=1+6X+ 15 20¥ + 158 + 6 + X



The binomial theorem: (a + B)

(z+y)° =1

(z+y) =lx+1y
(z+y)* =122 +22y +1y2
(z+ y)3 =12% +322y +3xy> +1y3
(.25’-!-;y)4r =1x* +42%y +62%y? +4axy® +1y*
(x+ y)5 =12% +52%y +1023y? +102%y> +52y* +12°
(.z:'+y)6 =126 +62°y +152%y2 +2023y® +1522y* +6ay® +128
(z+y)" =127 +725y +2125y? +35x*y> +352°y* +212%y°® +Tay® +1y7

nl HY ERdedt§26RBTH
n = 3: Brahmagupta(AD 628)  [g =g
n=4,5, 6: Omar Khayyam ! v




Two 1545 German arithmetical triangle
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NiccoloTartaglia(1556)
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DE PROPORTIONIBVS LIB. V. 1%g
Propofitio centefimafepruagefima.

Com'ugzdoncs cuinfuis numeri breuiter inuenire,

Sint gratia exempli dec€ homines,& patet quod poflent effe fin co.

1i,& hoc decE modis,quia funt decg ut Perrus & foannes:item,
offunt effc omnes fimul,& hocuno modo tantum,& poffunt efle
duo,& hoc poteft uariari §draginta quing modis : & poffuntefle
o&to,& manifeftum eft,quod rotide modis variantur, {cilicet qua=
dnéima quingg,nam cum erunt octo,duo quirelinquittur, uariari
poflunt4§ modis,ergo & illi octo ad ungue rotidem modis. Etfi-
militer res quot modis uariantur totmodis feptg, & quot modis
quatuor tot {ex:quing autem quia funt dimidium decem,pluribus
modis uariantur.Erideo pro ordine huius detrahes uniy, ut fi fine
undecim uiri pones decemn,fi decem pones nout, & colliges natus
ralem feriem numerorum,utinfriuides uno femper termino defis
dente:& ex priore ordine,ubi uidebis femper erid duplicari numes
ros:uc.6.indefub 6,10.& 20 Alatere, & fub 20 35.& alatere 70 dus
plum 35, & fub S % X A .5 & Y 8§ 9 10 11
70 126,& Alates T T
re252, & hoc p
cognitione §d
recte fis operas
tus, Secundoc a=
nimaducrtes fes
quétes ordines
fieri ex re@a li-
neapriorum, ue
lutfexcus ordo eft 7.28.84.210.462.itaincipiendo in primo ordis
nea7, & tendendo ad dextram,inuenies illos eofdem numeros ad
unguem,& ita in feptimo ordine §.36.120. 330. 2 finifira inuento §
in primo ordine, & procedendo ad dextram, inuenics 36. 120.8
330. Tertium eft quod numeri ultimi A medio funt fjdem, ut462 &
462330 & 330.165 & 165.55 & 55.11 & 11. Etfeorfum, ut dixi, remas
nect, Oportetigitur colligere numeros angulares, utAlatereuic
des,& fir 2047 numerus coniugationum , tot enim modis poffunt
uariari.Et ff effent decem tantum,ut ab initio propofui, primus or«
do finitur ad 10,fecundus ad 45, tertius ad 120,quartusad 210,quin
tusad 292 fextus reditad 210, feprimus ad 120, o&auusad 45, nos
nusad ro,decimus ad 1. Etira colligeretur fumma ex extremis nu=
meris angularibus 1023, Et toterunt coniugationes. Hic nides quia
numerus 1o eft par,cc quod adempta monade,relinquitur 9,qui eft
impar quod medius qui pertinet 2d quintum ordinem eft maxia

Q  mus,
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Fibonaccl (Leonardo of Pisa)
(c. 117@1240)

Liber Abaci (1202
Book of squares
Hindu-Arabic
numerals
Many text
problems
Al | Wwl0oo0AUa
=41 | | Fibonacci sequence
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LiberAbbaci(1202)

How many rabbits can be bred from one pair in a year?
A Each month they produce another pair
A From month two each new pair breeds

Fibonacci
sequence

aasmee| 11,2358,
13, 21, 34, 55, 89,
144, 233, 377,

Each term is the sum
of the previous two

pairs =1




Wemachandra/ dzY 6 S NRaG@ngs v

A long syllable is two beats (), and a short syllable is one beat)
How many rhythms are there with a given number of beats?

For example, there are 5 rhythms with four beats:
TT, T T2 12 » P+yR

In how many ways can we lay a path of length n with 2 x 1
rectangular paving stones that can be laid horizontally or vertically

There are Havingsof length 4
and below are two of the 34avingsof length 8

In the East, Fibonacci numbers are callddmachandranumbers



Pascal and the Fibonaccl numbers
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The Influence of Ramohlull

Aim: to unify all knowledge into a single system:
all knowledge derives from basic principles,
so we look at all combinations of these principles

to find all knowledge.

RamonLlull (c.12351316): Catalan mystic and poet
Marin Mersenne(15881648): Minimite friar and communicator
Athanasiu§Kircher(1601/2—16§OA): Jesuit priest, and the last
YwSylFAaal yOS YI yQ
From Spain, Sebastidaquierdo(1601-:81) and JuarCaramuel
de Lobkowitz(160682)
Gottfried Leibniz (16464 T m dDissértatiode Arte Combinatoridd

JakobBernoulli (1615m T 11 pArs Gonjectiind®



RamonLlull (c.1232;1315)

Combinations of divine attributes
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[t d¥ 20080 A V | i 2€

| { ddiagrdds
give the relationships
FY2y3 YyAYS 2F
C the attributes of God, such as
B =Bonitas(goodness),
E =Potestas(power),
F =Sapientia (wisdom),
and | =Veritas (truth).
In the lower diagram, the inner
wheels rotate, allowing all the
combinations of three attributes.




(15881648

Musical composition consists of
arrangements of consonances:
HarmonicorumLibri
=HarmonieUniverselle
L GlofS 2F @I f dzSa

4B Marin Mersenne

HARMONIE

ST R T

> e P
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LSEKAOAGSR GKS 71 HN|VRTE
b SE(SyY a @Rusidal setin®) a|[5382]
of permutations and combinations ||(Eag
with and without repetition
b gave formula for nlalb! . . .
wherea+b+...=n

Nam & ego confitebor tibi in vafis pfalmi veritaté cuam:
Deus plallamtibiin Cithara, fanétus Ifracl.  Pfalme 72

C:\ Py




TARMONIE Marin Mersenne
VNI VESEE.‘ 2 ( 163 6)

7

V arietas, [ew Combinatio quatuor notdrum,
SIS f“@z@@#ﬁ*
g g : 30—3:—' ) :53_3‘_’:3%39;& 12
»’ ﬁ%ﬁg% ”E 16 : 17é 18
%E—%%i ui 22 a3 24

- e

Number of arrangements
of four notes Is4! = 24
For six notes it 16! = 720

Nam & ego confitebor tibi in vafis pfalmi veritaté cuam:
Deus Prauamtib_i in Cithara, fan&usIfracl.  Pfabme 7o.




a S NA S drigh®&idal triangle

Tabella pulcherrima ¢o viiliftima Combinationis duodecim Cantilenarum.

L II. 1L, Iv., V., VL vII. VIIL IX. X. XxI. X171,
| it x 4 1 1 1 1 1 y "
%2 1 3 4 F'4 G #; & 9 10 3 12 13
3 6| 10 15, 21 28 36 4AF 55 66 78 9t
4} 10] 20 35 56 84 120 16§ 210 286 364 455
) 151 3% 70‘ 126 210 330 495§ 715 1001 136¢ 1820
6| 2t{ 56 xzﬂ 242 462 792 1287 2002 3003 4368 6188
7| 28] 8,1 u 462 914 1716 3003 soos 8co8 12376 18564
1 36, 120 3303 792 3716 3432 64375 11440 19448 31824 50338
9| 45 165) 495 wn87| 3003 6435] 12870 24310 43758 75582 125970
to| 5. 220] 715 zooal gsoOs 11440] 24370 48620 91378 167960 293930
11} 661 286] 100f 3003 Svod 19448} 43758 91378 184756 352716 6456646
12] 73 364 1365 4368 12376 31824 75582 167060 352716 705432 1352078
131 91| 455, 1820 6188 185641 50388 19970 19393c) 646646 1352078 2704156}
14{105 | 56.| 2380 8568 27131} 77520| 103490 497420 ¥144066| 2496144 7 ;o100
15120 6%0] 3060 1528 38760] 1nsa8o 5‘97705! 817190 1961256 4457400, 9657700
161136 | 8:¢f 3876 15504 542641 170544] 490314 _ 1307504 2268765 7726160, 17383860
171153 | 969 4845 20349 740131 243157, 73§471 s041575 S$31735| 13037894 30421745
18{ 71 i1140) 5985, 26334{100947] 3461041 108i575, 3124550] 8436285] 21474180 51895935
19l190  1330] 731533649 15}?;752_5 480700 1562275 4686825 13123110 345971290 864931225
2 |210 (1540 8855 41504 177100! 6578002220075 6906900] 20030010} §4617300 141120925
21{231 1771 {10626 53130 130230 8S8030| 3108105 10015005 30045015 84672315 22579284
221253 120241136 50} “5780) 296010 118404« | 4292145| 14307150 4435216511:9024480 35481732
23 2_‘7\§;z;oo 14950130730,376740 15607801 §852925 20160075 64512290] 193536720, 548354040
241350 2600175 5¢ | ,8280] 475020 203580c| 7888725128048800| 92561040 18609776c§ 834451800
F} 325 2925|2047, | S755t 593775 2629575 10518300 38567mo‘ 13128140' 417225900 31516777Qg‘

Number of combinations = C(36, 12) = 1,251,677,700




AthanasiusKircher
(1601/2-1680)

The last of the polymaths:

b great musicakencyclopedists

b an early writer on germs

Wrote on b translator of Egyptian hieroglyphs
b2 KQa LNIFd} §KSNJ 2F 3S2¢€ 23

China, : .
Tower of Babel P f:le3|gner of magic Ianterhs
Rome b invented a system of logic
Acoustics b designed magnetic toys for noblemen

The plague  { founded one of the earliest museums

Magnetism, g "
Optics, . . . . . ..dand mucn maore
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languages, all spelt
with four letters)
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The origins
of writing

Mystic characters
handed down
by the angels,
tracing writing
and language back
to divine revelation




