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Outline of topics

1. Basic applications of counting

2. Methods for generating random elements of a group

3. Cayley graphs

4. Schreier coset graphs and their applications

5. Back-track search to find small index subgroups

6. Double-coset graphs and some applications

7. Möbius inversion on lattices and applications

Copies of slides can be made available by email or USB stick.



§3. Cayley graphs

A Cayley graph Cay(G,X) is a graph with vertex-set a group
G and edge-set {{g, xg} :g ∈ G, x ∈ X} for some X ⊆ G.

This gives a diagrammatic representation of multiplication
of elements of G by elements of X (on the left), and hence
of the rows of the multiplication table for G corresponding
to the elements of X.

Usually (but not necessarily) we assume that Γ = Cay(G,X)
is finite, undirected, simple and connected – and hence that

• G is finite,

• X does not contain the identity element of G, and

• X generates G.

Also we may assume that X is closed under taking inverses.



(1821–1895)



Cayley Graph Example:
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(isomorphic to Q3)

G = C2×C2×C2 (abelian) with generating set X = {x, y, z}

Ex: Is Q3 a Cayley graph for some other group of order 8?

Ex: For which groups of order n is the complete graph Kn
a Cayley graph?



Some elementary properties of Cayley graphs

• Cay(G,X) has order |G|

• Cay(G,X) is connected if and only if G = 〈X〉

• Every closed walk in Cay(G,X) corresponds to a
relation satisfied by the generators from X

[Why? x
ek
k . . . x

e2
2 x

e1
1 g = g if and only if x

ek
k . . . x

e2
2 x

e1
1 = 1]

• Cay(G,X) is regular of valency |X±| = |X ∪X−|

• The group G acts transitively on the vertices of
Γ = Cay(G,X) as a group of automorphisms, and it
follows that every Cayley graph is vertex-transitive.

Proof. Right-multiplication by any element h ∈ G takes
an edge {g, xg} to the edge {gh, xgh}, and hence gives an
automorphism of Γ taking vertex 1 to vertex h. �



Conversely:

Theorem Let Γ be a finite graph, and suppose Aut(Γ) con-

tains a subgroup G that acts regularly (sharply-transitively)

on the vertices of Γ. Then Γ is a connected Cayley graph.

Sketch proof. Take any vertex v of Γ, and label it 1. Now

label each neighbour w of v with the unique element g ∈ G
that takes v to w, and let X be the set all such g for which

w (= vg) is a neighbour of v. It follows fairly easily that Γ

is connected and is isomorphic to Cay(G,X). �



Another example: a Cayley graph for A5

Let G = A5 (the alternating group on 5 points)

and let X = {(1,2)(3,4), (1,2,3,4,5), (1,5,4,3,2)}.

Note that (1,2)(3,4) · (1,2,3,4,5) = (1,3,5), and it follows

easily that the given set X generates G. Also X does not

contain the identity element, and X is closed under inverses.

Hence the Cayley graph Γ = Cay(G,X) is a vertex-transitive,

3-valent connected graph of order 60.



This Cayley graph is the chemical molecule C60
(also known as Buckminsterfullerene):



Here it is again, in a possibly more recognisable form:



Some (other) common properties of Cayley graphs

• Symmetry (as we have seen: vertex-transitive)

• Rigidity (e.g. the C60 molecule)

• Good broadcast properties – many Cayley graphs have

large order-to-diameter ratio or small order-to-girth ratio

• Some were used by Max Dehn (in the early 1900s) to

solve the ‘word problem’ for the fundamental group

of an orientable surface of genus ≥ 2.



The Degree-Diameter Table (as at June 2019)



How do we find Cayley graphs?

– e.g. all connected Cayley graphs of order n and valency d?

For small n, one way is to use the database of groups of
order up to 2000 (excepting 1024), as created by Besche,
Eick and O’Brien (2000), and available in GAP and MAGMA.

For valency 3, for example, we can search over two types of
generating set X for the group G :

• X = {a, b, c} where a, b, c have order 2, and

• X = {x, y} where x has order 2 and y has order > 2.

Also we can use conjugacy within G (or within Aut(G)) to
reduce the number of possibilities.



Another way:

For the first type of Cayley graphs of valency 3, the gener-
ating set X consists of three involutions, so the group G is
a quotient of the finitely-presented group

G = 〈 a, b, c | a2 = b2 = c2 = 1 〉.

Instead of checking possibilities for G from among groups
of order up to n, we can (directly) find all quotients of G
of order up to n using an algorithm for finding all normal
subgroups of up to given index in a finitely-presented group.
[This algorithm will be described later.]

Finding all such 3-valent Cayley graphs of order up to 100
takes only a few minutes (using MAGMA).



Note: This method doesn’t find the Petersen graph!

Reason: The Petersen graph is not a Cayley graph.

Why not? What are the possibilities for the generating set

X in each of the groups of order 10? How does this relate

to properties of the Petersen graph?



Answer(s):

By Sylow theory, every group of order 10 has at least one

element of order 2, and has a normal subgroup of order 5.

It follows easily that there are just two groups of order 10 –

the cyclic group C10 and the dihedral group D5.

If G = C10 and u and v are two different elements of X,

then uv = vu so u−1v−1uv = 1, which gives a 4-cycle in the

Cayley graph, but the Petersen graph has girth 5, so this is

impossible. This leaves G = D5 as the Cayley group.

Next, since the valency is odd, at least one element of X

has order 2, say a. If the other elements of X are b and b−1

of order 5, then ab is a product of a reflection and a rotation

and hence is a reflection (of order 2), and so (ab)2 = 1, but



again this gives a 4-cycle, contradiction. Thus X consists of
three involutions, say a, b, c. But this too is impossible, as:

• the Petersen graph has no proper 3-edge-colouring, or

• w = ba has order 5, and the Cayley graph has a Hamilton

cycle (1, a, w, aw, w2, aw2, w−2, aw−2, w−1, aw−1), or

• the involution c must be aw or aw2 or aw−2, and each of
these three possibilities gives a 4-cycle (viz. (1, a, w, aw)
or (1, a, w−2, aw2) or (1, aw−2, w−1, aw−1), or easier:

• the resulting Cayley graph is bipartite!

Hence the Petersen graph is not a Cayley graph. �

But: The Petersen graph is symmetric, and has some very
nice properties, and is constructible as a double-coset graph.

[See later]



§4. Schreier coset graphs & their applications

Let G be a group generated by a finite set X = {x1, x2, . . . , xd}.

Given any transitive permutation representation of G on a

set Ω of size n, we may form a graph with vertex-set Ω, and

with edges of the form α— αxi for 1≤ i≤d.

e.g.
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when x1 7→ (1,2)(4,5) and x2 7→ (2,3,5,4).



[Given any transitive permutation representation of G on a

set Ω of size n, we may form a graph with vertex-set Ω, and

with edges of the form α— αxi for 1≤ i≤d. ]

Similarly, if H is a subgroup of index n in G, we may form

a graph whose vertices are the right cosets of H and whose

edges are of the form Hg —Hgxi for 1≤ i≤d.

These two graphs are exactly the same when Ω is the coset

space (G :H) or when H is the stabilizer of a point of Ω.

The latter one is called the Schreier coset graph Σ(G,X,H).

Each is a generalisation of a Cayley graph (which occurs

when the subgroup H is trivial).



Otto Schreier (1901–1929)



Some elementary properties of Schreier coset graphs:

• The graph is connected (as the group action is transitive)

• There can be loops and/or multiple edges

• Edges may be directed or labelled/coloured ... or not!

• The action of G can be recovered from the graph
– or indeed defined by it

e.g.
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gives x1 7→ (1,2)(4,5) and x2 7→ (2,3,5,4).



• Every circuit in Σ based at the vertex labelled H gives an

element of H expressed as a word on X

Why? Any path in Σ corresponds to a word w = w(X) in the

generators of G, and such a path from H is closed whenever

Hw = H, which occurs if and only if w ∈ H.
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Importance/use of Schreier coset graphs [to follow]

• Visual representation (easier to see/understand than the

permutations or ‘coset table’)

• Coset graphs can be used to construct representations

(and build new ones from known representations)

• They give an easy proof of the Ree-Singerman theorem

on necessary conditions for transitivity of a permutation

representation of a finitely-generated group

• Depiction of Schreier transversals and Schreier generators

• Use in the Reidemeister-Schreier process (for finding a

presentation for a given subgroup of finite index in a

finitely-presented group)



Schreier coset graphs (cont.)

The Schreier coset graph Σ(G,X,H) gives a diagrammatic

representation of the natural action of G on cosets of H.

This action can also be given by a coset table, e.g. as on

right in the following:
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1 2 1 2 1
2 1 3 1 4
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when x1 7→ (1,2)(4,5) and x2 7→ (2,3,5,4).



Coset diagrams — simplified coset graphs

To make a Schreier coset graph easier to work with, we can
sometimes simplify it by

• deleting loops (that occur for fixed points of generators)
• using single edges for 2-cycles of involutory generators
• ignoring the effect of redundant generators.

Special case: Triangle groups

Coset graphs for actions of the (2, k,m) triangle group

〈x, y, z | x2 = yk = zm = xyz = 1 〉

can be simplified by deleting z-edges, and using heavy dots
for fixed points of y, and polygons for non-trivial cycles of y.

The resulting figures are called (Schreier) coset diagrams
rather than coset graphs.



Example:

Below is a coset diagram for an action of the (2,3,7) triangle

group 〈x, y, z | x2 = y3 = z7 = xyz = 1 〉 on 7 points:

12

3

4

5 6 7

x 7→ (3,4)(6,7)

y 7→ (1,2,3)(4,5,6)

z 7→ (1,4,7,6,5,3,2)
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Composition of coset diagrams:

Often two coset diagrams for the same group G on (say)
m and n points can be composed to produce a transitive
permutation representation of larger degree m+ n,
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Ex: Check that relations x2 = y3 = (xy)m = 1 are preserved.



What effect does this have?

Strange things can happen! For example, consider coset
diagrams for transitive actions of the (2,3,7) triangle group.

One can join together three such diagrams D1, D2, D3:
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D1 on 14 points, where the permutations
generate a group isomorphic to PSL(2,13)

D2 on 64 points, where the permutations
generate a group isomorphic to A64

D3 on 22 points, where the permutations
generate a group isomorphic to A22

to get a diagram on 14+64+22 = 100 points, where the per-
mutations generate the Hall-Janko group of order 604800.



Abelian extensions:

In some cases, where a coset diagram D for a group G may

be joined together to another copy of itself in two different

places, it is possible to string together n copies of the dia-

gram into a circular chain (like a necklace) and get a new

diagram in which the permutations generate a larger group

B with an abelian normal subgroup K of exponent n such

that B/K ∼= G.
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Proving groups are infinite:

When the previous construction is possible, string together
an infinite number of copies of the diagram D:
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and get an infinite group!

This method can be used to prove that certain finitely-
presented groups are infinite. It is equivalent to showing
that some subgroup of finite index has infinite abelianization
(. . . also achievable by the Reidemeister-Schreier process).

Exercise: Use a coset diagram with just 6 vertices to prove
that the (2,3,6) triangle group is infinite.



Alternating and symmetric quotients:

• If Diagrams P and Q with p points and q points have two
‘handles’ each (for attaching to other diagrams), then we
can string together ‘a’ copies of P and ‘b’ copies of Q and
get a much larger diagram on m = ap+ bq points.

• In particular, if gcd(p, q) = 1 then the degree m = ap+ bq

can be any sufficiently large positive integer.

• We can sometimes adjoin a single copy of an extra dia-
gram R (with r points) to ‘break symmetry’, and make the
permutations induced on the larger diagram generate the
alternating group Am+r or the symmetric group Sm+r.

• In this way, we can sometimes obtain all but finitely many
An or Sn as quotients of a given finitely-presented group.



Some applications [by MC and students]

• For each m ≥ 7, the (2,3,m) triangle group has all but

finitely many alternating groups An among its quotients

• Every Fuchsian group has all but finitely many alternating

groups An among its homomorphic images [Brent Everitt]

• There are infinitely many 5-arc-transitive connected finite

3-valent graphs

• There are infinitely many 7-arc-transitive connected finite

4-valent graphs [MC & Cameron Walker]

• There are infinitely many 5-arc-transitive Cayley graphs of

valency 3, and infinitely many 7-arc-transitive Cayley graphs

of valency 3t + 1 for each t ≥ 1.
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A 3rd conference on Symmetries of Discrete Objects will be
held the week 10-14 February 2020 in Rotorua, New Zealand

See www.math.auckland.ac.nz/∼conder/SODO-2020
All welcome!




