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PERMUTATIONS

e permutation of order n: order on numbers 1,...,n
subpermutation: 453216 — 213

e density of a permutation 7 in a permutation II:

d(.TI) = # subpermutations of II that are =«

# all subpermutations of order w

o (II;),;en convergent if Eljlirgo d(m,11;) for every m




REPRESENTATION OF A LIMIT

e probability measure p on [0,1]? with unit marginals
p(la, b] x [0,1]) = pu([0,1] % [a,b]) =b —a
Hoppen, Kohayakawa, Moreira, Rath and Sampaio

e /-random permutation

choose n random points, z- and y-coordinates
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(QUASIRANDOM GRAPHS

Thomason, and Chung, Graham and Wilson (1980’s)
a sequence G; is quasirandom if d(H,G;) ~ d(H, G, ;)

G; converges to the constant graphon W),

) = prob. inj. map H — G is a homomorphism
and d(-, G) for determine each other




(QUASIRANDOM GRAPHS

Thomason, and Chung, Graham and Wilson (1980’s)

a sequence G; is quasirandom if d(H,G;) =~ d(H, G, )

G; converges to the constant graphon W),

d(H,G;) — d(H,W,) for every H if and only if
h(KQ, Gz) — P and h(C4, Gz) — p4

W =p < h(Ky, W) =p and h(Cy, W) = p*




(QUASIRANDOM PERMUTATIONS

o property P(k) of (Il;)en: d(o,1l;) = 1/k! for V o € Si
e Question (Graham): Is there kg such Vk P(ko) = P(k)?
e Theorem (K., Pikhurko): yes, kg = 4; best possible
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! 123 123 132
[ F(x,y) = ' = 132 213 213
231 312 321
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(Questions?



DENSE GRAPH CONVERGENCE

e d(H,G) = probability |H|-vertex subgraph of G is H

e a sequence (G, )nen of graphs is convergent

if d(H,G,,) converges for every H

e examples of convergent sequences:
complete and complete bipartite graphs K,, and K., n
Erdés-Rényi random graphs G, ,




LIMIT OBJECT: GRAPHON

graphon W : [0,1]* — [0,1], s.t. W(x,y) = W(y, x)

W-random graph of order n
random points x; € [0, 1], edge probability W (z;, z;)

d(H,W) = prob. |H|-vertex W-random graph is H
W is a limit of (G, )nen if d(H, W) = lim d(H,G,)

n—oo
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LIMIT OBJECT: GRAPHON

graphon W :[0,1]* — [0,1], s.t. W(x,y) = W (y,x)

W-random graph of order n

random points z; € [0, 1|, edge probability W (z;, z;)

d(H,W) = prob. |H|-vertex W-random graph is H

W is a limit of (G, )nen if d(H, W) = lim d(H,G,)
n—oo

W-random graphs converge to W with probability one

every convergent sequence of graphs has a limit
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FLAG ALGEBRAS

the flag algebra method independent of graph limits

we introduce the method using graphons for simplicity

algebra A of formal linear combinations of graphs

addition and multiplication by a scalar

homomorphism fy from A to R for a graphon W

examples: fy (Ks) = d(Ko, W)
fw (K — K3) =d(Ky, W) —d(K3, W)
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MULTIPLICATION

e defined fy (H) := d(H,W) and extended linearly

e aim: define multiplication on A preserved by fw
fw(Hy x Ha) = fw(H1) - fw(H2)

o I x Hy— % |{(A,B)yV(H):éLéflﬁfgé]l)gﬂl,H[B]gHQH 7

[x [=%:+%j+%§I+§D+§E}+g&
[._.+ J+&+1+A+E+N
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KERNEL OF THE MAP

o defined fy (H) :=d(H,W) and extended linearly

e Ker(fy) always contains certain elements

fw (K2) = 5 fw (Ki2) + 3 fw (K12) + 5 fw (K3)

(VAR EN i B EANRIN

o let A’ be the space generated by H — > ., d(H, H")H'
A" C Ker(fw) = homomorphism fi : A/A" — R
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ROOTED HOMOMORPHISMS

e consider a graph G with a distinguish vertex (root)

a random sample always includes the root
e algebra A°® on combinations of rooted graphs

e rooted graphon — a homomorphism from A°® to R
random choice of the root x( — probability distribution

on homomorphisms f*° from A°® to R

FOKS) =172, f*(K3) =1/2, f*(K3) =1/4, ...
fOKS) =1, f*(K3) =0, f*(K3)=3/4, ...
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ROOTED HOMOMORPHISMS

e algebra A°® of combinations of rooted graphs
random choice of the root x( — probability distribution

on homomorphisms f*° from A°® to R

k

o the value f;?(H) for H with root vy is \Aut°!(H)| X

I W(zezy) II (1= W(wg,x;)) dog---xp
’Ui’UjGE(H) ’l)i’l)ng(H)

fOKS) =1/2, f*(K3) =1/2, f*(K3) =1/4, ...
fOKS) =1, f*(K3)=0, f*(K3)=3/4, ...
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(FENERAL ROOTED GRAPHS

e fix a graph R with vertices r1,...,7%
algebra A’ of combinations of R-rooted graphs

e random homomorphism f* from A to R
random choice of the roots x1,..., Tk
the roots do not induce R = f® =0

otherwise, sampling |H| — k vertices = prob. f(H)

0, fE2(K;2) =0, fE2(K{3)

1/2, fR2(K) = 1/4, [ (K
=1/2, fF2(K,2) = 1/4, f*2(K

=1, {5 (K;) = 3/4, fK2(Kf<5
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(Questions?

17



Thank you for your attention!
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